AEDCTR7858 AR 1§ 1904

APPLICATION OF SPLINES TO THE
NUMERICAL SOLUTION OF
TWO-POINT BOUNDARY-VALUE PROBLEMS

Donald C. Todd and John C. Adams, Jr.
ARO, Inc., a Sverdrup Corporation Company

VON KARMAN GAS DYNAMICS FACILITY
ARNOLD ENGINEERING DEVELOPMENT CENTER
AIR FORCE SYSTEMS COMMAND
ARNOLD AIR FORCE STATION, TENNESSEE 37389

December 1978

Final Report for Period October 1977 - August 1978

Approved for public relsasa; distnbution unlimited.

LTI RT ﬁﬂnogTs

e . i £, KB w£ r

————— ] e ’mf:“.".",' .
FHLE MU& & CoT ‘r':-' f"ir:g

Prepared for

ARNOLD ENGINEERING DEVELOPMENT CENTER/DOTR
ARNOLD AIR FORCE STATION, TENNESSEE 37389




NOTICES

When U, 5. Government drawings, specifications, or other data are used for any purpose other
than a definitely related Govemment procurement operation, the Government thereby incurs no
responsibility nor any oblpation whatsoever, and the fact that the Government may have
formulated, furnished, or in any way supplied the said drawings, specifications, or other data, is
not to be regarded by implication or otherwise, or in any manner licensing the holder or any
other person or corporation, or conveying any rights or permission to manufacture, use, or sell
any patented invention that may in any way be related thereto,

Qualified users may obtain copies of this report from the Defense Documentation Center.

References to named commerical products n this report are not to be considered . any sense
as an indorsement of the product by the United States Air Force or the Government.

This report has been reviewed hy the Information Office (Ol) and is releasable to the National
Technical Information Service {NTIS). At NTIS, 1t will be available to the general public,
including foreign nations.

APPROVAL STATEMENT

This report has been reviewed and approved.

o e yiomns

Project Manager, Research Division
Directorate of Test Engineering

Approved for publication:

FOR THE COMMANDER

Rodbu sty Crosadly”

ROBERT W. CROSSLEY, Lt Colonel, USAF
Acting Director of Test Engtneering
Deputy for Operations




UNGLASSIFIED

REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

1 REPQORT NUMBER

AEDC-TR-78-5%

z. GOVT ACCESSION NOD|

1 RECIPIENT'S CATALDG NUMBER

4 TITLE rand Subritla}

APPLICATION OF SPLINES TO THE NUMERICAL
SOLUTION OF TWO-POINT BOUNDARY-VALUE
PROBLEMS

& TvYFE GF REPORT 8 PERICD COVERED
Final Report, October
1977 - August 1978

& PERFORMING ORG AEPCRT HUMHBER

T AUTHOR(S)

Donald C. Todd and John C. Adawms,
ARO, Inc.,

Jr.,
a Bverdrup Corporation Company

B CONTRACT OR GRANT HUMBER(a)

9 PERFORMING ORGANIZATION NAME ARD ADDRESS

Arnold Engineering Development Center

Air Force Systems Comnmand

Arnold Air Force Station, Tennessee 37389

n PRG RAM E EMENT, PRD.IECT TASK
REA & WORK UNIT NUMB

Program Element 65807F

1} CONTROLLING QFFICE NAME AND ADDRESS

Arnold Engineering Development Center (0IS)
Alir Force Systems Command

12. REFOHT DATE

December 1978

13, NUMBER OF PAGES

Arnold Air Force Station, Tennessee 37389 121
T4 MONITORING AGENCY MAME & ADDRESS(If diffarant from Conirolling Oflice} 15. SECURITY CLASS5. (of thia reps-l)
UNCLASSIFIED
154 DECLASSIFICATION! DOWNGRACING
N/A
& DISTRIBUTICN STATEMENT {of thia Report)
Approved for public release; distribution unlimited.

17 DISTRIBUTION STATEMENT {of the ahstrac! antered in Black 20, I diifarent froen Report)

18 SUPPLEMENTARY HQTES

Available in DDC.

18 KEY WORDS {Continue on reveraa alde if necessary and Identify by block number)
Navier-Stokes equations

splines

boundary value problems’

differential equations

20 ABSTRACT (Coniinue an revarae alde if necessary and identily by black number)

value problems.

equations.

In the search for hetter methods to solve the Navier-Stokes
equations, this is a preliminary test of spline collocation, or
the application of spline collocation to solve two-point boundary-
Pertinent spline theory and the spline collo-
cation method are developed from first principles.
considered are nonlinear, third-order, ordinary differential
A FORTRAN IV computer program to solve such problems

The problems

FCRM
JAH 73

Do , 1473

EQITION OF 1 NOV 65 1S OBSOLETE

UNCLASSIFIED




- UNCLASSIFIED

20. ABSTRACT (Continued)

is described, and a source deck listing is included. Several
sample problems solved by the program are presented,

AFS C
Arnald AFS Tenn

UNCLASSIFIED




AEDC-TR-78-59

PREFACE
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Corporation Company), cperating contractor for the AEDC. AFSC, Arnold Air Force
Station. Tennessee. under ARO Project Number V32A-P1A. The manuscript was
submitted for publication on August 23, 1978.
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1.0 INTRODUCTION

The availability of increased computer power within the past decade has spurred
considerable effort toward development of computer programs for the numerical solution
of the Navier-Stokes equations. The first and continuing effort involved numerical
solution by finite-difference schemes. In recent years, however, other methods have come
under investigation; two of these methods are finite elements and spline collocation. A
preliminary test of spline collocation, namely application to numerically solve various
two-point boundary-value problems, is the subject of the present report. Pertinent spling
theory is developed from first principles. The spline collocation method, which is similar
to that vsed by Rubin and Khosta (Ref. 1), is also fully developed. The problems
considered are nonlinear, third- order, ordinary differential equations. A FORTRAN [V
computer program to solve such problems is described, together with a source deck
listing. Several example problems solved by the program are presented.

A spline interpolates befween points by polynomials determined by various
conditions of continuity. If a spline using polynomials of degree p is continuous along
with its first q derivatives, 0 < q < p, then the spline is said to have a deficiency of p - q. For
example, a cubic spline with continupus second derivatives has a deficiency of
one. Rubin and Khosla (Ref. 1) have shown that classical three-point difference formulas
are equivalent to a quadratic spline with a deficiency of zero, The method presented in
this repert uses a quintic spline of deficiency three.

Three-point, finite-difference methods, when applied to a linear equation, produce a
tridiagonal algebraic systzm to be “solved (Ref. 2}, whereas spline collocation (for
second-order equations) produces a tridiagonal system of 2 by 2 blocks. End conditions
involving first and second derivatives are naturally imposed using spline collocation. For
uniform grid spacing the three-point, finite-difference formula for the second derivative
yields a second-order approximation, whereas the quintic spline gives third-order accuracy.

Splines were originally invented for interpolation, which means that interpolation of
spline solutions is immediately available. This plus the suitability of spline collocation to
handle nonuniform spacing makes it feasible to change grid spacing between iterations.
This can be used effectively to improve accuracy of the resulting solution.

It is concluded that splines have many useful features and should have a role in
future techniques for solving complicated problems.
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2.0 SPLINE THEORY
Given paints (x;, y) withi=1, 2, ..., N, a spline has the following properties:
1. It is a function defined on [xy,.xyn].
2. It passes thru the points.

3. It is continuous. The splines considered in this report have continuous first
and second derivatives.

4. It is defined by (N- 1)} polynomials, one for each interval [x;, %; + 1]. The
polynomials are determined by the conditions of continuity and the end
conditions.

It is convenient for the succeeding analysis to make the following definitions.

h, = x; — x (0N
h
%= 2)
7= A& -x) E))
6, =1 “)

Figure 1 shows the first two and last three points, (x,, v,), and their related h;.

2.1 CUBIC SPLINES

A cubic spline is defined by
s(x) = p, (x} (5)

for x; < x < x+; withi=1, 2, .., N- 1 where the p,{x) are cubics. Since s(x) passes
thru the points,

sl = (6)

Since s(x) is assumed to have continuous first and second derivatives, one can make the
definitions ’

m = s(x;) (7

and

M, = 8"(x)) (8)
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Figure 1. Clarification of the h;.
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The p;j(x) can be written in terms of the m; as follows. Define

Yai= Yi + 3 By (9
and
YBi = Yiel — 3 b Mg (10)
then p;(x) can be written
3
PO = vifl{ + 3yaim 07+ B yp nle; + Yie1 75 (11}

The first derivative is
p{ ) = B[y, 0 + yar O - 27) 6,

+ypim (20 = ng + vy wf] (12)
and the second derivative is
pi 0 = ﬁ [yi 6 + yai &y = 289 + yp; 0 = 20) + ¥ 0 ny] (13)

The p,(x) are cubics in x, and it can be confirmed that, as defined,

p; (x) =y, (14)
P, () = Yig (15)
B ) = m, (16)
and
P; X)) = myy an

The p,(x) have been written in terms of the m; which, as yet, have not been
determined, A relation among the m; can be derived by the requirement that the second
derivative be continuous; thus,

Pi:1 (xi} = p,’ (xi] = Mi (18)
From Eq. (13),

Pl &) = th [YA.l—l = 2ygi-1 * yi] (19N
-1

Thus after substituting Eqs. (9) and (10) into (19) and simplifying,

M. = E_i_l (Qmi + ml_I) - 2L1 (yi - yi-—l) (20)
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Again, from Eq. (13),

S R VA h% [?i - 2yy; + -"Bi] (21)

which, after substitution of Eqs. (9) and (10), yields

M= & (yq =¥ - hl (Zm, + m, ) (22)

n? ;
Subtracting Eq. (22) from Eq. (20) and simplifying gives the desired relation among the

m;j,

I11 m, , - 2 (hl - hl-) m, + hl mo
—i it i .
= - 3 - l l r 3 r
= ¥y + 3 (_._ - Lyy + 3 v
2 yig . 2) Lt 2 Y (23)
hr-l hi—l hl h.
Assume end conditions
Aiyi + Blmi + CiMi = D1 (24)

for i = 1 and N where Aj, B;, C;, and D are given constants, In each case, i=1 ori= N,
at least one of the coefficients, B, or C;, must be nonzero. Since the y, are given, the A;
are unnecessary and can be assumed zero. They were included for purposes of Section 3
on spline collocation where the y; are unknown. With i = 1, substitution of Eq. (22) into

(24) vields
(B - h_d-lcl) m _f:clm2

- - _ 6 o
=D - (M-8 G) - g Gy (25)
1 1

Similarly, with 1 = N, substitution of Eq. (20) into (24) yields

B, + % Cy.)my, + —2_ Cu.m
N N N N TN-1
( hy 1 ) by l
=Dy, - (A, - _6 - 6 Cyuvy
N ( N CN) IN T N YN=1 (26)

K-1 N—1
Equations (25), (23) with i = 2, 3, ..., N -1, and Eq. (26) form a tridiagonal system
which can be solved for the m;. When the solution for the m; has been effected, the
spline is known.

1t is a straightforward matter to derive formulas for the integral of the spline. If one

has a formula for .

J; (a, b} = f p; (%) dx (27
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where x; <a <b < x4 then the integral over an arbitrary subinterval of [x;, xx | can
be obtained by summing the appropriate Jj(a,b) with the proper arguments, When Eq.
(1) is integrated,
3
e b < b [<1y, 08—y (no+ 1 6y) 6

+ ¥ps M (Gi + ;13 ’?i) + ;]l Yin ’7?:| : (28)

Of particular interest is

h
Ji Oge xp g = T‘ [Yg t Yar b ¥ t Vi-t—l] (29)

When one has the given points, (%;, v;), and the calculated m;, then the M; can be
computed from Eqs. (20) and (22). In analysis, in order not to give preferential
treatment to one formula or the other at interior points, it is expedient to average the
two equations to arrive at

Mi=hl m1-1+2(h4 —Rl—)mi‘gl-min
-1

i

1
3 _ 1 1 . 3y,
+ yi—l 3 (;I-é— + F) y] + ]1_2 :‘1+] (30)
1 1 '

The fundamental relation, Eq. (23), was found by subtracting Eq. (20) from (22).
Equation (20) was obtained by adding Egs. (20) and (22). So, in that sense, there is a
symmetrical relation between Eqs. (23) and (30).

By eliminating the y; from Egs. (20) and (22), a relation between the m; and M; is
obtained.

l“i-—] + Mi = hll (mi+l - ml) (31)

The spline relations have been written in terms of unknown m;. Analogous formulas

in terms of unknown M, can be derived. Replacing i with (i + 1) in Eqg. (20) and
eliminating m;y; from Eqs. (20) and (22) vields

h
mpo= b Oy -y - 2 O M) (32)

1

Replacing i with (i - 1) in Eq. (22) and eliminating m,.; from Egs. (22) and (20) vields

h.
mpo= e b)) DO e M) (33}
-1
Averaging Eqs. (32) and (33) gives
m; = '"2]1 X Yisp + < (tl - F]_) ¥y +2_'i_ Yl
h h
- 1 ; i
+ _1_2_1 M_y+ L th_; - h) M, - o M., (34)

10
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Subtracting gives .
~=L M. o+ 1§ (hy;_y + hy M, + 6_1 M,

= -1 >.-___1+1_)-+i’-
h_ h_, b it g Yin (35)

=1 - 1

The end conditions, Eq. (24), in terms of unknown M, are found to be

h h
C —_IB)M - 1B M
(1 3 1 1 & 172

-0 - (A -2 B )y - B (36)
1 1

and

h
{cy - _}’-‘;—1 By ) My + Nl By My

=Dy - (A, + 1 B v + 1 By vy
N N N¥) ¥xn N YN_]
( N ) hy_, (37)

As an altemative to solving for the m,, Eqs. (36), (35) with i = 2,3, ..., N- 1, and Eq.
(37) form a tridiagonal system which can be sclved for the M;.

The preceding formulas on cubic splines are adequate for the present analysis. For a
complete freatment and proofs, see Ref. 3.

2.2 TRUNCATION ERAROR OF CUBIC SPLINE FORMULAS

Fyfe, Ref. 4, used operator methods to obtain a Taylor expansion of cubic spline
relations with uniform spacing. His work can be generalized for unequal spacing as
follows. Define the opcrator E; by

Eiy, =y (38)

Let y(x) be a function such that ¥(x,) = y;. Indicate the jth derivative by vy (x} and
define y(g) = yU}(x;). Far the purpese of this error analysis, the tenth derivative will be
assumed continuous. Expanding the right-hand side of Eq. (38) in a Tavlor series,

Eoy, = vy hoyl + L W2y oL, (39)

1

-

Using the operator D to denote differentiation, from Eq. (39),

2 2
Ei=l+hiD+;_hiD—.... 40)
and it is interesting to observe that

E. = exp (hi D) (41)

1

where the exponential is defined by its expansion.

11
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Since
E17vi =¥ (42)
then (assuming existence)
Vi = By, (43)
and from Eq. (41},
E7l, = exp (<h,_; D) (44)

Some consider the last step presumptuous; however, understanding that operator
expressions are merely convenient representations of series, and assuming linearity, the

distributive law, etc., rigorous justification is possible. This section will lean heavily on
such algebraic analogies.

In operator notation, Eq. (23) becomes

1 -l
— ET, +2(_ 1 - 1 1 E. .
|:h1__l -1 (hl_] h ) TR '} i

-

- -1 1 _ 1 3
[ B -G ) - 2 B (45)
and solving for m,,
-3 g7l oy8f 1 1Y 3 E
i [ b, ] (h?l hz) h2 ']
i = — — 1 1 yl
I .ol A % 5 S T Y E.]
[hl_l ' (hi.l =) s (46)

or, if one expands Eg. {46) into a series,

m; = [1 - % oy oy - 1y D)’

3
—1
-1 + 1

- al-l

13¢

* o, it

a
o

2 5 i
- %60 oy lo_y =1 Bo% ) - 50, , + 3 (h_, M3 + ] v @

where ¢, is defined by Eq. (2). Thus it is found that m; is a second-order-accurate

approximation to v, (third-order error). For uniform spacing (g;.; = 1). it is third-order
accurate.

12
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In operator notation, Eq. {31) becomes

(E; + U My = 2 (E - 1} m (48)
S0 l
M = 2 tanh(l h, D) mi (49)
h 2
or
M.:L[l_h.D-l_ Lh OV + 2 1 5
' b (2 1) 3(2 ')+15(2h‘D)
- 11 l_h.D7*....:|
315 (2 I ) ™ (5
Combining with Eq. (47) vields
Q4
2 2 - 3
M; - |:1 - ﬁ oicy (hyy D7 - .‘TIE oy o5y - D ;D) (51)
3 2
b 5 -
1 O oy = D lofy - oy + 6) th, ; D® &+, .. .] ¥i

Thus, M, is a first-order-accurate approximation to y; (second-order error). For uniform
spacing (o;.1 = 1} it is a second-order-accurate approximation.

Equations (47) and (51) do not agree exactly with Rubin and Khosla (Ref. 1);
however, as Ref. 1 points out, the expression derived depends on which equation one
begins with. This discrepancy is explained by the limited information conveyed by N
points. The N points determine a polynomial of degree (N - 1), but there are infinitely
many polynomials of higher degree which pass thru the points. Thus a Taylor expansion
of the method is not unique. Considering the nonuniqueness, one may wonder about the
value of the error analysis. The value comes from the conclusions drawn on the order of
the method, which are valid and useful. From the error analysis, higher order
approximations will be derived.

Substituting Eqs. (9) and (10) into (29) gives

2
Ji ey %, ) = é hody, + v - % hY (m, | ~ m) (32)

This is seen to be the trapezoidal rule plus an extra term. In operator notation,
I xy, %) = %hi E + Dy, - LhH(E - D m, (53)

12

13
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Substituting Eq. (47) into (53) and expanding gives

2 3
J, (x5 xH_l) —[l "'%hiD*’é(hiD) + j (h, D)

2 _
D (T ) e B~ BV W &
144 (12) (360) 0% |
2
. 9 _, - 901_] + 4 (hl D)ﬁ - e .. hi ¥,
(12) (720} 0% |

Expanding y{x) in a Taylor series and integrating, one finds that

x:H—l o0 ;
E: (h, D) ,
j Y(x}dx :{ (j+]}Tj|hi}]

x. =
i

Comparing Eqs. (54) and (55),

1+ 1
(. x,p) = f v(x) dx - _L_{(h, D)? [1
720

2
301—-1 - 501—] + 5 h. D
60 1
1—1]
1207 - 6302 + 630 . — 28 9 I
+ =1 1~1 1—1 [:h] D +.,...|D ¥,
840® |

Thus, the formula is found to be fourth-order accurate (fifth-order error).
2.3 HIGHER ORDER APPROXIMATIONS
From Eq. (51),

A 2 2
y' = | Loi—l h

iv
1 13 =1 yl F+ a4 e s e

14

(54)

(55)

(56)

(57}
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If an approximation of zero-order accuracy (first-order error) were known for yiv,
then substitution into Eq. (57) would yield a second-order-accurate approximation for
y';. Consider the conjecturs

o= E i1 Mz - lo DM + M
U o e, r DL Lo Moy = loiy + DM« M, ] (58)

which is the three-point, finite-difference formula applied to the M;. Substitution of Eq.
(58) into Eq. (57) yields, as the approximation for v/,

where

A, = T2

oot ] (60)

Note that if 4; = 0 then Ij; = M;. In operator notation,

-

; A -1
L {1 * —6-'- [“i—l B - oy + D+ Ei]}Ml (61)
or, expanding the operator,

. 2
3“. = {1 +?Al [% \'J'i_] (.Ui_l + 1) ('hi--]. D)

1

Lo by - D, D3 Lo, 6l + Db DY

i—

-]

L o5 (a?_l - 1 (b, 3) LI .:[}M[ (62)

iy

w

Substituting Eq. (51) into (62) gives

2
W, "1 + Zima (Ai Tt b )(h-_1 D)2
? 12 Ti1 !

L T lr:;ql - 1) [ggi o, - 1 - 1] (h;_, INE:
[
+ ‘75;01 [2 (30?_[ — 20'1?_] + 205 3 - 2} - 5A,; (01'2—1 - 1)] (h,_, Dy?-

7

g (e:rl_l - 1)
(30){144)

[Ai 6i7 + D (4'0‘12_1 + 30y 4 - 6) - (criz_l - 10g,_; + 6] thy_ D)5

e
Foee e wb Y

(63)

15
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By design, when 4; is given by Eq. (60), W; is a second-order-accurate approximation to
y'| (third-order error) and for uniform spacing (gi.; = 1), it is third-order accurate.
This is somewhat different from that of Rubin and Khosla, Ref. 1, who reached the same

results but with

|
A - o, t1

' g o+ n? (64)

This discrepancy is not caused by error but is explained in the discussion following Eq.
(51). Note for uniform spacing (9.7 = 1) that Egs. (60) and (64) both give A&; = 1/2. In
the limit as o,.; approaches infinity, both equations give A; = 1; however, as o,
approaches zero, Eqg. (60) yields A; = 0, whereas Eq. (64) gives A, = infinity.

In an analogous manner, a higher order approximation, m; to v,, can be obtained.
Substituting Eg. (58) into Eq. (47), let

mp = mpo+ éi—;-sﬂ loica My — Loy - DM+ My, ] (65)

where R
%t (66)
Note for uniform spacing (¢j.; = 1) that §; = 0 and 'm; = mj. Therefore, m; is an

improvement over m; only for nonuniform spacing. However, for uniform spacing, m; was

already third-order accurate. In the limit, when gy, = 0O, then &, = -1, and when &§,.; =
infinity, then §; = 1. In operator notation,

. h -1 ,
mo o= ml + ’Tll [ai—] El-l - (Ui—] + 1) + EJ “i (67)

Expanding the operator and substituting Eqgs. (47) and (51) into Eq. (67) vields

m; = il + (% [51 (al—l + 1) - (al--]. - 1)] ('hl-—l 0)3

3
(e} 2 o o+ 1 4
+ =1 [B§ {of, = 1) - 6 Zaz1 (. , D
I3 |: p =1 g +1 ] =1
g o _;-1 2
- e el [58, 0,y + D + 202, - S0, ; + 3] (h,_, Y5
+ e s o .Ey; (68)

16
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By design, when §; is given by Eq. (66), m; is a third-order-accurate approximation to
3’,; (fourth-order error).

The analysis on m; and ; is valid only at interior points (i = 2, 3, ..., N - 1), At the
end points (i = 1 and N} they will be defined as m; = m; and W; = M;.

In the next section an approximation, X, (x;, xj+1), to the integral of Eq. (55) will
be derived as follows:

Kyl ) = Dhy by vy - L by Cmgy = ) (69)

T Ui A

120 i+1)

It is convenient to include the error analysis of the formula at this time. In operator
notation

1

K, x) = 2 by (E; + Dy, - L b3 (B, - 1) m,
1 9 1 L 1 10 1 1 (70)

v WE DR

Expanding the operators and‘substituting Eqs. (68) and (63) into Eq. (70), one can arrive
at

(% . X ) = L bD+ L (h, 2 & L (h Dy?
K (x5, xp,y) %1+2h1 +6(I)+24[1) an

+ L (h Dt +[ B T T :|(hi INE
120 720 (36){120)0%

3 2
. [ 1 . 16«7._1 + 50+ %ori_l + 25 ] (hi D)6
4,800 {360}(120) 0 _,

+....%hlyi
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Comparing Eqs. (71) and (55),

i+1
K xa) = [ v o (72)

x
1

" {hl D)ﬁ} (Ul—l— l)(?ai_l— 1}
(36120007

16 2 -
- [ 601_1 + 507+ 9501_1 + 25 N 1 :I(h D)
1

(360) (120) 0_, 100,800

+....I,D"1y.

1

Thus Eq. (69) is found to be fifth-order accurate (sixth-order error) and for uniform
spacing (0.3 = 1), it is sixth-order accurate. If m; and M, were exact, then the formula
would be sixth-order accurate.

24 QUINTIC SPLINES

Once the higher order approximations, m=; and X, have been found, a spline, z(x),

is needed for which the first and second derivatives at x; are m; and W;, respectively.
That is,

Z(K) = ql (x] (73)

for Xj & X < X+, where the q,{(x) are polynomials such that

Z'(xi) = my (74)
and

27 (x) = M, (75)
fori=1, 2, ..., N. For a particular g;(x), this requires the conditions

q; (xl} =¥ (76)

q (x) = m (77)

4" (x) = mi (78)
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9 (x40 = Yig (79)
q, (xppy) = " (80)
a;" () = By (81)

Since there are six conditions, g;(x) is quintic. Now one can define

v vir Lhm (82)
l’hi=3’i*§hi"‘i+§10—h?mi (83)
Yer = Yirt = Ehymyy + L LERLI (84)
¥di T Yiel T %3- by mipy (85)

then

B} 2 03
q (0 = y; 87 + 3y, m 67 - 10y, 7] 6

i
3 42 4
+ Wy m7 67 + Syg; my 65 + vy om (86)

The first derivative is
9/ (0 = h_i [-yi B'.:' + ¥y 8 = 49) 0? + 2y, (28, - 3p)) oy Hiz

i

+ 2y B8, - 20 ni 6 - vy (46, - n) 9+ y g i) 87
and the second derivative is &7

@70 = 20 [y, 6] + y,; By, - 20) 07

It

=

+ vy 8] - 61,8, + ap} 6
+ Yo (3612 - 61)1 ai + ’?12} U/
+yg B8 - Yl v oy wd ] (88)

It can be verified that Eq. (86) does satisfy the six conditions, (76} thru (81).

To compute the integral of the quintic spline, if one has a formula for
h

K, (a, b) = _/‘qi (x) dx (89)
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where x; << a < b < Xj41, then one can obtain the integral over an arbitrary subinterval
of [x;, xn ] by summing the appropriate K;(a,b) with the proper arguments. Integrating
Eq. (B6),

Kita, b = b [-1y; 67 -y, n; Leye:
5 2 2y g
- Yh;(% nt o+ o, 8+ é_ﬂi)é?l

9 n 4
+ Yci(‘g‘ 07 + n; 6, + é—'?i)’li

b
tygi O+ Lagad v Ly, a?] (90)

1
6
Of particular interest is

KI (xi’ x1+I) =1 hl (yi T ¥ar ¥ Y Yt Yo T ¥ t yi+l) (91)

=8

If one substitutes Eqs. (82) thru (85) into (91), then one obtains Eq. (€9).
3.0 SPLINE COLLOCATION

The general solution to a second-order differential equation involves two arbitrary
constants; thus two conditions must be made to determine a particular solution. If the
two conditions are the specification of the values of the solution and its derivative at a
particular x-value, then the problem is called an initial value problem, and one-step
methods such as Runge-Kutta can be applied, with nonlinearity presenting no special
problem. When the two conditions are given at two separate x-values, the problem is
called a two-point boundary-value problem, and several techniques are applicable, all
requiring iteration to handle nonlinearity. Some methods allow the problem to be left in
its nonlinear form, for example shooting methods for which each iteration is an initial
value problem, However, probably the best methods are those where the problem is
linearized and each iteration solves a linear problem. That is the approach used in this
report. Section 3.1 describes a spline collocation method to solve linear problems, and
Section 3.2 shows how to linearize a problem and iterate to obtain a solution to the
nonlinear problem.

A collocation method for solving a differential equation involves writing an
approximate solution in terms of a number of parameters, then determining the
parameters by requiring the approximate solution to satisfy the differential equation at
certain discrete points. The approximate solution ‘and the differential equation collocate
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at those points. In the case of spline collocation, the approximate solution is the spline,
and the parameters are the y, and M,. Since there are 2N unknowns, the Y, and M,, 2N
equations are needed. Because the unknowns are spline parameters, N spline relations are
in force. The other N equations come from the collocation requirements that the spline
satisfy the differential equation at the x,.

In the following analysis, quintic splines are assumed throughout: however, the
equations for cubic splines are found by setting A; = §; = 0. In Section 2, since the spline
passed thru the points, £ equaled vy, [(z, = 2(x;})]. In this section, the requirement is for
the spline to satisfy the differential equation at the x,; thercfore, z, does not nccessarily
equal y;. For this reason, when reference js made to equations in Section 2, it will be
assumed that the y; are replaced by z; without further explanation.

3.1 THE LINEAR PROBLEM

Given the differential equation

y = alx - BOdy + yixdy 1+ e(x) ] (92)
where x
I=1 +fy(x’)dx’
/ (93)

1
where 13 is a given constant; and given end conditions, Eq. (24), it is desired to find a
numerical solution for x; € x € Xy by spline coliacation,

Equation (92) should be classed as a third-order differential equation in I, since v =
',y =1 and v . Orginalty, the method to be presented was developed for
second-order equations; later, it was extended to solve third-order equations by the above
device. Spline collocation determines the spline, z(x), which satisfies the differential

equation, Eq. (92), at the x,. Therefore, fori= 1, 2, ..., N,

Lx = IJIf

Wy =a;+ B 2+ yym + 6 g (94)
where the subscript, i. on the functions a, 8, v, and ¢ indicates their evaluation at Xxi. The

g are defined by

g1 = I (93)
and fori > 1,

8 = i + K (x, . %) (96)
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which by Eq. (69) becomes

B = Bl 7 ‘;‘hi—l (Z; - 2, (97)
2
- % hioy (g = iy
3
* s o O+ LAY
for 1 <1< N. If one defines
Q =0y My ~logy + M+ M, (98)
then Eqgs. (05) and (32) can be written
m],forizlandi=N 99)
! ml+6:3hﬁl"l Qi,for 1 <1 <N
M, for i =1 and i = N

3Tll= 100
Mi-%Q for 1 <1 < N ¢ )

L

Ordinarily one would choose the z, and m, as the principal unknowns using Eqs. {23),
(Z25), and (26). However, in light of Eq. (98) and its exclusive invalvement of the M,, the
analysis can be simplified by choosing the z, and M, as the principal unknowns and using
Egs. (36), (35), and (37), which can be written

Ay - B1Y 2, - Big (C
1 1 2 1
h1 h1

- 1B KM, - LB, h, M, =10
3111611'2 1

h

1
-1 1 1

B ( + _1_.) z + L =z
“i—1 1 -3
hi—-l hl h

- hi—l Ml—l - % (hl—-

o =

for 1 < 1 < N

B B

N _— N

(AN o ) N T “no1 Gy
N-1 N-1

1
+ LBy by My = Dy (101)
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The m; values come from Eqs. (32), (34), and (33), which can be written

L (zy — 2 = L@+ M) for i ]

1

1 1 1 1. .

2 Gl o A
i—1 1 1

nm. =

h h
L R e L

for 1 < i < N

h
h.l (I.N - ZN—-]} + 1";—'1 (2My + My_,} for i = N (102)

From Egs. (94) thru (102) one could form a tridiagonal system with 7 by 7 blocks with
unknowns z;, M, m,, Q;, mi, },, and g,. However, for the sake of numerical efficiency, it
is best to eliminate some of the unknowns before defining the system. The m; and M; can
be eliminated by substitution of Egs. (99) and (100) into Eqgs. (94) and (97). Equation

(94) becomes

Bl. 2, - II'(‘Ii AT T - B
for i =1 and i = N
Bi 7p =My 4y, m o+ ¢ g+ o Ui Bihy ~ 6A) Q = -a (103)

for 1 <1 <« N

If one defines

h3
ap, = 2=l (A - 25) (104)
720
and
S S (A .\ 23.-1) (105)
21 720 1 0'1.__2
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then, after m, and M, are eliminated, the g, can be written
l] for i = 1

2
gl+1§hl{22+zl} —#hl(mz—ml)

+ L hi My + M) + a;, Qp for i = 2

2
g = By * ;— hl—] (ZI + zl—-l) - % hi-l (mi _m‘—l)

+ ;E h?—l (Ml * Ml—l) + BllQ'l + a21Q1—1 for 2 <i <N

v oz 2
Bx-1 = & by Oy Ane) - LobE ) ey -y )
+ L hi_y My ~ My )+ apgQy ) for i = N (106)

The m; and Q, can be eliminated from the system by substitution of Eqs. (102) and
(98) inte Eqgs. (103) and (106). The results, after substitution, can be called Egs. {(103)
and (106)', which will not be written out explicitly. The system then consists of Egs.
(106Y, (103)’, and (101), which can be written in the form

Doy ¥y + Dy Vy = Ry
D_yy ¥y = DgyVy + Dy V3 = Ry

V. + D

D_, Vi, 1iViy + Dy, vy + DV, = R for 2 < < N

-21

D on Vg + Dogn Vo + Don ¥y = Ry

(107)
where
Bj
vV, = M;
. (108)
=1, 0 0
Ri = | - —a; —ay
D1 0 DN
fori=1 forl <i <N [lor 1=N {109)
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and
Dni = Wpyjp! (110)

where all the dpjx are zero, except for ones which will be listed below. A brief
clarification of the subscripts may be useful. The subscript m takes values -2, -1, 0, and
1. The value O refers to the principal diagonal; -1 to the first lower diagonal; -2 to the
second lower; and 1 to the upper diagonal. The subscript i indicates the ith point with 1
< i < N. The subscripts j and k take values 1, 2, and 3. The j subscript tefers to Egs.

(106)', (103)', and (101), respectively. The k subscript refers to g, M;, and Z;,
respectively.

The nonzero dp, 3 are as follows:

h k2 . . 111
d_si1o = ';12:.2_0:1.+ By Oy_p for 2 < i <N (1)
g_,h_ . 1
d—-2i13 = —1_220_1L fer 2 < i &N (112)
d-]1l] =1 for'1 <i <N (113)
3 .
—51)4-&]201 for : = 2
h3
d 1119 = ?‘O'L (5-]_—2 - 1) T oA O] T oAy (ai_2 + 1 for 2 < § < I
hi’*l 2 - 3 = A5y (UT_Q + 1 for 1 =N (114)
120 \Opn_, .
&l for i = 2
20
& e = { Bm1 g 100 for 2 <i <N
~1i13 20 F e T ar 1
"Nt g o+ 10 for i = N (115)
20 :
d{)ill = =1 for 1 £i <N (116)
25



AEDC-TR-7B-59

B3
]—2]0 (Zcr] —3)—alz(al+l) for i = 2
3
d0i12 = 6'_‘;- (‘Ti~1 - 1 - a, (‘71—1 + 1y + ag; for 2 <1 <« N
B3
—_N-1 4 a for i = N
30 oN tor ! (117

h(L Au) for i = 2
20 \ 7,

d01]3_ lﬁ(—l_-rlo) for 2 < i <N
Ti-1

20 —
Oh
N—-1 f i = N
n or i (113)
h% _ h .
d1i12 _ ’1—2104 +ap, for 1 < i < N (119
h_ .
dyyy3 = —ﬁ for 1 <+ < N (120)
y:. hl_ 01— 1
T + -36_1 (y,6,h,_; - 6A) for 1 < i <N
d jigg =
% for i = N (121
-4 for 1 < i <N
2h1—1
—1i 23
—hﬁN for i = N (122)
N-—-1
dl‘h?l = e for 1 £ 1 <N (123
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-
?

|
(
3

d_jisz =

_],_)’lhl for i = 1
3

1+ Loy -y - L ri8hiy - 68) oy + Ufor 1 <i<N

6
-1 4+ YN me by for i = N
3
181—-& for i = 1

D SUN 0 N O for 1 < i <N
! 2 h

JSN+_]J_N_ for i = N

14! for i =1

h

1

S el < <N
2h1

h

~=1 for 1 < i < N
i

M for i = N
5]

1 for 1 < i <« N
h

1—~1

B
—-N for i = N
hN—-l
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(124)

(125)

(126)

(127

(128)
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C]—Blhl for i =1
3
o = -L (h. , + h) for 1 < i <N
doiae y -l i
B h .
C_\J + N3N—___1 for i = N {130)
Al - B_l for i = 1
h
1
d0133 = —(tl + .}%) for 1 < i <N
Ay - =N for i = N
hyy (131)
..Bl I.'1 for i = 1
6
dj39 =
PN ot 1< < N
—-6_ or < i< (132)
' E_l for i = 1
hi
di33 =
h]_ for 1 <1 < N {133)

Figure‘ 2 shows the coefficient matrix for N = 7. Each small square corresponds to a
dmijk, and each large square corresponds to a Dy, . The X's mark the nonzero elements.
The most straightforward way to solve the system is to use a banded system solver. The
matrix is seen to have five diagonals above and below the principal diagonal for a
bandwidth of 11.

The matrix can be treated as four diagonals of 3 by 3 blocks. The upper diagonal can
be eliminated and the solution obtained by forward substitution. Some advantage can be
taken of the sparseness of D.p; (two nonzero elements). One must be careful in
programming such a procedure if the procedure is intended to improve on the banded
solver.
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x Pxix

X

X

X I X | X[ X|X | X1 X| X

XXX |Xx |x

XXX X | X |X|X|x

3

X|IX|X]x [x|x

=7,

Figure 2. Coefficient matrix for N
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When e(x) = 0, then Eqgs. (103) and (1Q1) become uncoupled from Eq. (106) and a
tridiagonal of 2 by 2 blocks can be solved for the M; and z,. The integral can then be
computed from Eq. (69) if it is needed.

3.2 THE NONLINEAR PROBLEM
Most problems are nonlinear. Instead of Eq. (92) one may have

y = fix, v, v, D (134)

Methods of solution of such problems often involve a process called quasi-linearization.
The process requires an "in-hand" solution, which to begin with may be just a guess.
Indicating the in-hand solution by a har,

y e fx, v, ¥, + k. ¥, 7, )y -9
F R, 7,7 DG -7 - iy, ¥, ¥, 100 -T) (135)

where f) indicates the partial derivative of f with respect to the jth argument. Equation
(135) can be put in the form of Eq. (92) where

-, ¥, 7.0y - r3(x,?,.3"’,'[)7 (136)
B = fx, 7.7 T (137)
y(x) = f(x, ¥, ¥, D (138)
and
ex) = f,x, 7, 7.7 (139)

With a, @, v, and € defined by Egs. (136) thru (139), a sclution can be obtained by the
method of Section 3.1. This solution becomes the new in-hand solution. Iteration
continues until a converged sclution is obtained or until it becomes apparent that the
method (for a particular case) fails to converge.
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4.0 THE COMPUTER PROGRAM

The computer program was written in FORTRAN for the 1BM 370/165 computer.
To apply the program to a particular problem, the user must provide the functions a(x),
B(x). ¥(x), and e(x) of Eq. (92). This is done via a subroutine. QLDE. Only the text of
the subroutine need be changed, the interface having already been programmed. The user
must also provide the end condition constants of Eq. (24); the constant. Iy, of Eq. (93):
a starting solution; and various Jogic control variables. These inputs are made in
subroutine DATA. The different parameters are described by comments, and the user sets
their values as desired, One other routine, CHEKBM, is problem dependent; however. it is
not essential to the solution. CHEKBM is evoked after a solution has been found and the
user can check or process the solution as desired. The use procedure of the computer
‘program is demonstrated in Section 5 by example problems.

A listing of the program is given in Appendix A. A conscientious effort was made to
make the program clean and modular, and to use comments liberally, Below arc notes on
some of the subroutines. If a subroutine is not included below, then it is adequately
documented by comments. Line numbers refer to sequence numbers in columns 73 thru

80.
PROCED

The general logic of the program is contained in this routine. The DO loop of Line
340 provides the option of solving multiple problems. Exit from this loop is effected by
a RETURN 2 from DATA (Line 350). lteration is performed by the DO loop of Line
380 A converged solution (and branch-out of the loop) is indicated by a RETURN |
from UPDATE (Line 430). The user is given the opportunity to check or process the
solution as desired in CHEKBM, Line 530. The solution will be written on tape or disk,
Line 540, or printed, Line 550, if the proper indicators (JUNIT and LPRNT) are set in
DATA.

CHEKBM

The user can check or process the solution as desired in this routine. If no such
need exists, then Lines 1770 thru 1960 can be delcted or, alternately, Line 530 of
PROCED can be deleted.

CHEKDE

If the solution at the collocation points is the input arguments to this routine,
then in effect the routine merely checks the validity of the solution from BANDED. This
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routine can be used to see how well the solution satisfies the differential equation at
points other than the collocation points. as follows:

I.  Calt QUINTS to determine the solution at the points of interest.

2. Cull NTEGRL to compute the integral at the points,

3. Call QLDE to compute the ai, 8, ;. and &,.

4. Call CHEKDE and it checks the solution with the differential eguation.

DATA

The logic control variables, end condition constanss, and starting solution are input
via this routine. Note the availability to UNIFRM to compute uniform spacing and
GUESS to compute a quintic solution which satisfies the end conditions.

DELTAS

This routine evaluates Eqs. {60) and (66) for A, and &, and has been made a
separate routine with the idea that it might be useful to experiment with different values.
[t was pointed out that the expressions for &; and §, are not unique. thus it would be
interesting to determine their influence. Also, setting &, = §; = O reduces the higher order
quintic spline method to a cubic, so that the refinement of the method can be evaluated.

DIFRNC AND ERROR

The user should be aware of thc availability of these routines which have been
found useful in the various checking routines.

GUESS

GUESS is available to the user to compute a starting solution. 1t determines a
quintic solution which is consistent with the end conditions, The method used by GUESS
is presented in Appendix B.

NORM 5

NORM is used to check for convergence. The user has a choice of two tests
indicated by the variable LNORM set in DATA. The first test finds the greatest
difference between the two solutions relative to the range of the first solution. The
second test finds the greatest difference between the two solutions relative to the
solutions' local values. The second test is more stringent, especially for solutions which
approach an asymptote.
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RESPAC

RESPAC computes a new spacing with smaller steps where the solution changes
more rapidly. The method used is presented in Appendix C. If no respacing is desired,
then the parameter RSC can be set to a large value in DATA.

RESULT

The solutions returned by BANDED are the g, M,, and 2, [See Eq. (108)]). RESULT
computes m; (in the temporary variable. T1) from Eg. (102) and then m, and M, from
Egs. {99) and {100).

SYSTEM

SYSTEM computes the dp ) from Egs. (111) thru (133).
PAGER

The user should replace Line 7560 with his own identification,
TIMCHK AND GETNOW

These routines are cosmetic rather than essential, Dummy routines are supplied in
order to present a complete working program.

The user can replace Line 7800 with his own job identification or ideally would
automate the routine to supply the job number, time, and date, as designed, via the
mechanisms of his computer configuration.

5.0 EXAMPLE PROBLEMS

The computer program as listed in Appendix A solves the first example problem
(Section 5.1). The program as listed will be called the reference program. Since most of
the input must be programmed. for example the functions, a{x), (x), ¥(x), and e(x),
different problems are run by modification of the reference program.

The modifications to run the example problems are listed in Appendix D. They are
presented in the format of an in-house update program which has three command
statements:

-DEL L1 [, L2]
-INS L1
kP L1 [, L2]
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The L1 and L2 are sequence numbers (i.e., the numhbers in columns 73 thru 80 of the
reference program). The brackets indicate that the inclusion of L2 is optional. The
command -DEL delztes lines L1 thru L2, If L2 is omitied, then only line L1 is deleted.
The command -INS inserts lines after line L1, The insertion lines follow the command
statement and continue to the next command or else to the end of the data. The
command -REP replaces lines L1 thru L2, If L2 is omitted, then only line L1 is replaced.
The replacement lines follow the command statement and continue to the next command
or to the end of the data.

At AEDC the reference program is kept on a permanent file. The operating
procedure to run a particular problem is-to create the modified program on a temporary
file via the update program, then to compile and execute the modified program.

The printed output of the example problems is given in Appendix E,
5.1 EXAMPLE 1
The first example comes from Ref, 5, as follows:
y o+ ¥y - yy eyt =0 (140}

with end conditions
(xl : )'1) = (0 » 0)

(xN . Y[‘i) = (tan” 1 7, 7}
It can be verified that the analytic solution is
y = tam x (141)

By Eq. (24), the end conditions are specified by

Equations (136) thru (139) yield

* 4
af{x) = 3yy’ ()’2 - L)’-—) (142)
\J4y'+ y4
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B = yof Alosvt g0
e I (143)
ylx) =y (M - )2) (144)

elx) = 0 (145)

The computer program as listed in Appendix A solves the first example problem.
The program as listed will be referred to as the reference program.

5.2 EXAMPLE 2: THE FALKNER-SKAN EQUATION

A well-known equation in boundary-layer similarity flows, Ref. 6, is the
Falkner-Skan equation,

¥ IyT +k(l - y?) =0 (146)
where k is a parameter. Equation (87) defines I, where

I, =0

The end conditions are
x;, yp=0,0

(KN, yN) = (oo, 1\
For numerical computation, the = must be replaced by an appropriate finite number.

By Eq. (24), the end conditions are specified by

Aj=1,B, =0,C =0,D =0
Ay =1,B8y=0,Cp -0, Dy =1

Equations (136) thru (13%) yield

2(x) = Iy’ — k(1 + y9 (147
Blx) = Zky (148)
y(x) = -1 (149)
elx) = -y~ (150)
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It took three- attempts at solving this problem to obtain satisfactory results in all
cases. The goal was to recompute a table in Ref. 6 which is printed in the first page of
printout for this example (Appendix E). One could expect difficulty for k < 0, since
multiple solutions exist, but only the one solution presented in the table was of interest,
The first attempt was with xy = 6. Good solutions were obtained for k = 0, but for k <
0, the iteration converged to a wrong solution. The second attempt was to choose {using
the table) a more appropriate xy for each k. This improved the accuracy of the solution
for X = 10, but otherwise it had little effect. The first two attempts used GUESS
{Section 4) to obtain the initial solution of the iteration, which produced a straight line.
The third attempt was to use as the initial solution

y =1 — e 3" (151)
With this as the starting solution, the iteration converged to the correct solution in each
case,

The solutions were not printed (LPRNT = 0), but were written on disk (JUNIT =
20). A second program read the file on disk and plotted the solutions and the first
derivatives of the solutions. These plots are shown in Figs. 3 and 4 and can be compared
with similar plots in Ref. 6.

53 EXAMPLE 3: VISCOELASTIC FLUID

The third example comes from Ref. 7 and describes the steady flow of a viscoelastic
fluid parallel to an infinite plane surface with uniform suction

ky" +y " +y =20 (152)
with end conditions
x]. = 0 Xr\ = o
I1 =0 ]N =1
Y1 = A

wliere

1-V1-4k N1~k - (153)

2k

It can be verified that the analytic solution is

[ =1 - e (154)
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Example 2 Falkner-Skan Equation
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Figure 3. Solutions to the Falkner-Skan equation.
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" Example 2 Falkner-Skan Equation
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Figure 4. First derivatives of solutions to the Falkner-Skan equation.

38



AEDC-TR-78-59

The end condition, Eq. (24) with 1 = 1, is specified by
Ay =1,B, =0,C =0, D =2

For numerical purposes, xy must be set to an appropriate finite number. Also, to be
noted, the end condition at x = xy is not of the assumed form, Eq. (24) with i = N, This
deviation requires a modification in SYSTEM, replacement of Lines 6750 thru 6780 with

b(3,N,4) = 1.D0 -

and replacement of Line 6810 with
R(a:N} = l-DD

i.e., replacement of Eg, {24) at it = N with
]N =1

Equation (152) is linear, and from Eq. (92),

a =0 (155)
g = -% (156)
y = —% (157)
e =0 (158)

Since Eq. (152) is linear, iteration is unnecessary; however, the accuracy is improved
by respacing. Solutions were computed for k = 0.001, 0.01, and 0.1. Accuracy improved
for larger k values. This was expected since the equation becomes stiff for small k values
{Ref., 7). The stiffness is further evidenced by the oscillation of signs in the numerical
solution for y'’ for the smaller k and larger x values.

54 EXAMPLE 4: CHEMICAL DISPERSION

The fourth example,

3=y ass)
with end conditions
x, =0 Y| — kyl =1
xy = 1 yg = 0
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comes from Ref. 7 and is a special case of a chemical dispersion equation. Checkpoints
for the numerical solution (taken from Ref. 7) are given below.

y(x)
x k=1 k=0.1 k = 0.001
0o 0.620062 0.905407 0.999068
0.5 0.473143 0.532646 0.599183
1.0 0.418415 0.339965 0.307476

Using Eq. (24), the end conditions are specified by
Ay =1,B =-k,C, =0,D =1

Ay =0,By=1,Cy=0,Dy =0

Equations (136) thru (139) vyield

2
a(x) = o'llczs (1+Y0']y) (160)
-1 1.25
B Pl coL? (16D
9 <1
y(x) L (162)
e{x) = 0 (163)

No difficulties were encountered in obtaining the checkpoint values. A plot of the
solutions is shown in Fig. 5.

55 EXAMPLE 5: AN INHERENTLY UNSTABLE PROBLEM

The fifth example,
y' = x2y + 1 (164)

1+ x

with end conditions
(1L, 1

(xl » )’1}
(XN N }’N} = (‘”; 0)

comes from Ref. 7, where it is called "an inherently unstable problem."
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Example 4 Chemical Dispersion
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Figure 5. Solutions to the chemical dispersion equation.
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By Eq. (24) the end conditions are specified by
Ay =1,B =0,C =0, 0 =1

.%N=1,5N=0,CN=0,[)N:0

Equation (164) is linear, and from Eq. {92),

atx) = _1 (165)
T+ x
Bx) = x* (166)
y =0 (167
and
€ =0 (158)

On the first page of printout for this example (Appendix E}, the column labeled YA
is a tabular solution presented in Ref. 7. The column labeled YB is the computed
solution, and the column labeled DIFF is the difference between the two. The accuracy
is as good as the accuracy claimed for the table in Ref. 7. A plot of the solution is
shown in Fig. 6.

5.6 EXAMPLE 6
The sixth example comes from Ref. 8:

y o= kzj-’ + (k2 4 47?2} cos® px - 2m2 (169)
with end conditions

(xI \ }'l) = (0. 0

(xN 1 yN] = (15 O)
The analytic solution is

k -k
¥y = e_—(x—l)+e_: r . 0052 ™% (170)

1+e”k
By Eq. (24) the end conditions are specified by

A, ~1,B =0,C =0,D =0
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Equation (169) is linear, and by Eq. (92),

calx) = (k% + an?) cos’mx — 207 (171)
g - k2 (172)
y = 0 ' {173)
e =0 (174)

A plot of solutions to Eq. (169) is shown in Fig. 7.
57 EXAMPLE 7: y' =ev

The seventh example comes from Ref. 8.
v = ef (175)
with end conditions
' (x,, yp) = 0, 0

(KNQ _Y\l) = (1 ) 0)

y = en% A sec? Ng(x - %):” (176)
A = cos® (% ,\J-2I ) (177

the numerical value of which can be found in the first page of printout for this example
{Appendix E).

The analytic solution is

where A-is the root of

Using Eq. (24), the end conditions are specified by

A

1=1,B1=0,IC1=0,01=0

Ay =1,By=0,Cy=0,Dy=- 0
Equations (134) thru (139) yield

a(x) = {]. - y) By (178)
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Blx) = e (179)
y=20 (180)
e =0 (181)

Of note for this problem was how quickly and accurately the iteration converged to
the solution. A plot of the solution is given in Fig, 8.
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Example 6
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Example 7 Y = EXP(Y)
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Figure B. Solution to y” = g¥,
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APPENDIX A
LISTING OF THE COMPUTER PROGRAM

LISTING OF REFERENCE PROGRAM

Caan
Cemse
Caans
Coan
Coas
Corus

Coana

I1C

SIvC0628 YIZA-P1A FOR JOHN Cs ADAMS 00o¢o0010
SOLUTLON DF 2-POINT BOUNDARY VALUE PROSLEMS B8Y SPLINE COLLDCAT JON Q0QCGO000Z20
WIITTEN BY BON TODD APRIL T 1378 0300030
00000040

THE MAIN PROGRAM ALLUCATES MEMORY co000060
ALL REDIMENSIONING CAN BE DONE HERE 00000060
nooo0dTI

IMCLLICIT REAL®%8 {A-H,0-Z) 00000380
COMMON /ARRAYS/ ALZ250,45) oo0Q009D
COMMON /FIXEDRs NDIM 03000102
NDIM=250 Q000010
CALL PHOCLD (ATL1eL32A0L1+200A0143)0A0108 A L +5) Al 1461 eAlLsT)sA{L1,00000120
18)+AlL+s5)sAC1s102AL L 10)sA01212],A01,12FpA01,13)} 03030130
WRITE (6410) ¢hogo0140
STOP Q0000150
FORMAT (*QSTORT) 00000167
END caopQLvd
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LISTING OF

Caee
Cena
Cauwn
Cunse
Cass
Cuanse
Cuss
Cuass
Cunas

[

10

20

ao

50
60
TQ
80

SURFQ
ITMEL |

REFERFNCT PROGRAM

UTINE PRICED (XoYsF3SeGeALFALHUETAGGAMALEPSA D XA YA4FALGA)

CIT REAL*R (A-H,0-Z)

¢cooQoLB0
23000192

DIMENSTION XU1)aY (1) FI1)4S{13+GU1aALFALL)WBETACL) +GAMAIL]EPSA{1)0Q000200

Le2{1)

eXA(LY s YALEIsFALL)GACL)

COMMON sFIXEDS NDIMy JCASE s JToNT

PRQCE
soLur
wRITT

F 15
S 15
G 15
0 15
XA+ TA
THE S
CALL
D3 :=a
CTALL
M= 3% N
JR1=1
DO 10
caLL
caLL
CALL
CALL
CALL
CALL
CLNTI
WITE
GO TO
WRITE
GO TO
CINT 1
CALL
CALL
CALL
caLL
CALL
CONT I
RETWR

FORMAT {410OMAXIMUM NUMBER WLF ITERATIDNS3')

FOIMA
END

DURE FDR THiD

IUN 0F 2=POINT BUUNDARY VALUE PFOBLEMS BY SPLINE COLLOCATEON

EN oY DON TODD APRIL 7 1973

THE FIRSYT DERIVATIVE
THE SECGND DERIVATIVE
THC INTEGRAL

THE COEFFICIENT ARRAY FOR THE SYSTEM
+FA. & GA ARE THE NEWLY CCMPUTZIC SULUTION.

NGTE THEY 0CCJuPY

A ME MEMORY AS O (S5€E CALL PROCED IMN THE MAIN PuoM)

PAGES
JCASE=1+4 100000
DATA (NsXeTeFeSeGrES0,E£60)

LeM+]
dT=1sNT

GQLOE [(MhoaX ¥ sF 1S+ GeALFALBETALGAMALTPSA)
SYSTEM [N+ X »ALF AsBETA y GAMAGEPSA,D.DIJR1))

BANDEOD {11412¢MebDyE20)

RESULT {NwD(JURI I+ XaYAIFAL5,GA}
UPLDATF (NeY¥sFaGeYAaFA:GALE3D)

RESPAC (NuXeYsF1osGeXAsYALFALGA)

NUE
{6470
a0
(GyRD}
S0

NUE

CLDE (NeX Y eF2SsGrALFALOBETALGAMALWEPSA)
CHEKIE {NsX4Y s F a5 GsALFA,DETAGAMALEPSAY)

CHEXHM {NsX3Y2FsS3:0G1)
ARITES {NaX2¥eF 35306}
IRINTS (NuXs¥sF454G)
NUE

N

T [*Q8ANDED FAILED*)

50

Qoodo2id
ooaospa22p
Q000230
02000240
Q2000250
¢uo00260
00000272
aaQocz2a
aoR2co2en
Q00302
a0GQ031D
Q0300320
00000330
00000340
0222C352
G2000362
¢0000370
00000380
0JICDO3IY2
o0000a0d
000004310
0320C&2
Q0300430
Q320Q840
0000450
o0D0a460
02300472
Q00000480
0000490
00000500
QD00O0S10
00000520
0DODOS3D
000D0S540
20000350
030005690
Q0202573
0oO000S5E0
CopD0S92
Q2000620



LISTING OF REFERENCE FROGRAM

Casa
Caws
Cens
Cousn
Coarw
Cous
Creasn

Cose

c..l

10

20
30
Cuse
100

SUBROUTINE HANDED (NBsNaM; JPsA %)

EMPLICIT REAL®B (A-H.0-7)

OIMENS EON A(MeN}

BANDED SY¥STEM SULVER BY GAUSSIAN ELTMINATION
WRITTEN By DON TODD APRIL 5 1978 -

MB IS THE NUMBER OF DLIAGONALS {BAND WIDTH)
N IS NUMBER DF EQUATIGNS
M IS NB + NUYMIER DF RIGHT HAND SIJES (RHS'S])
A 15 COEFFICIENT ARRAY AUGMENTED BY RHS5'S
SILUTIONS REP_ACE RHS'S COEFFICIENTS ARE DESTROYED
NH1=NB +}

MP1=ME ]

MM 1=M=-1

NU=NB- P

M =JPf=1

IF (M.EQa!) GO TO 300

IF {NUALEQeQ) GO TD 300

I {NL+EQ.D) GO TO 109

I (NL«GT.NU}) GD TO 200
ELIMINATE LOWER TRIAMNGLE
DD 30 J=1,MM1

P=A(J: 4P}

I [P+EQ.0.0D0) GO TO &G0
QA=1.00/P

Jl=d+]

JZ=MINOC J¥NKL 4 M)
JI=MINO{ J+NU M}

DO 30 K=Ji+J2

LI=JP~K+J

FzA{KsL1)

IF (F.EQa0+D0)} GO TO 30
F=F*Q

L2=Jp

DO 10 L=J1+J03

Li=L1+]

L2=1_2+)

AlK L) )=AIK,LL)=FBA{JsL2)
DU 20 L=NALsN
AlKaL)=AIK L }=-FEA(J,L)
CONT INUE

BACK SUBSTITUTE

CAONT INUE

OO 140 L=HBl+N

J=NP 1

Ji=J

J=Jd=1

P=A{JsJP)

IF (P.EQ«D.DQ) GO TO 490
Q= A{J.L)

5t
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Q0DO00B10
00000620
00000630
QD000640
QDO00650
00000660
Q0000670
QGO0 IeRD
Q00060
00000700
D3000TLD
oki JoRedo kr - ol
Qoo0Q730
J00007490
CoODOTSY
0Q000T6Q
oDROOTTO
00000780
oQoCoTI0
20000800
0OoOC081L0
00000820
Q0000830
00000840
coOoDDBSBD
oo0o0Bs0
apoooarTo
20000880
Q0DOOASD
00000300
o2200912
00GOo0a20
00G00930
00002942
DO0GOO9S50
00000950
A00009TO
aoococo980
C0000930
Q0C010200
Goool1o010
00001020
00001030
ono01D4D
90001050
Go0001060
00001070
000C1080
00001090
00001102
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LISTING OF REFERENCE AROGRAM

L20
130

140

c. LN ]
200
210

220

230

240

250

260

270
cl.l
3020

J2Z=MINOL J+#NU4M )

I (J24LTed1} GU TO 130
LZ=JP

DO 1723 K=J1,J2

LZ2=L 2+1
Q=O-=ACJaL 2} 2Aa{K,L)}
AlJ.LI)=QrpP

[¥ {(JaGTel) GO TO 110
CINT INUE

RETURN

ELIMINATE UPPER TRIANGLE
J=M

P=zA(J e JP)

I (P.EQ.2.00) GO TU a0C
G=1.D0/sP

Jl=J=-1

S2ZE=MAXOL J-NU.L )
JI=MAXQLJ=-NL+1])

K=J1

Li=JP+J-K

FzAtK.LY)

IF IF.EQa2.D0] GO TO 250
F=F*Q

DU 230 L=NBl.N
AlKeL)=A(KLI-FrA{J),L)
La=JpP

L=J1

Li=L1l=~L

L2=L2~1

AlKsLLI=A{KsL]l }=-F®A{JsL2])
IF (L.EQ.J3) GO TO 250
L=L~-1

GO TO 240

IF (K.EQ.J2) GO TO 260
K=K-1

GD TO 220

IF (J«EQs2) GD TO 270
J=J-1

GO TaG 210

CONT INUE

FORWMAROD SUBSTITUTE

CLNT INUE

DO 330 L=NBL4N

DO 330 J=i.M

P=al P}

IF (P.EQ.D.DQ} GG TD &40C
B=AlJ.L)

J2=MAXQ( J-NLs1)

L2=JP

K= J=1

52

ooodt1110
oQooO1l20
Q0DO1130
CoCO1ta0
0apo01150
080011560
00C31170
02001184
2001190
03001200
o000t210
coo01220
ao0001230
Qoool24q0
a0001250
00001260
eopotarve
o000t 280
00001290
aoco1300
Q0001310
60001320
02001332
Q0001340
Q0001350
CoODO136D
0001370
00001380
00001390
Q3001400
000014190
oo00L&420
00001430
00001440
00001450
apoD146D
oDo01470
0G001480
00001499
GODO1500
Q0001510
Q0001520
00001530
00001540
00001550
00001560
00001570
00001580
000D15%0
00001600
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LISTING DF REFERENCE PROGRAM

310 IF [KsLTW«dZ2) GO TO 320 00001610
La2=L2~1 03001620
A=QA=AlJs L2) #A{K,L) 00001630
K=K=—1] oQDOl640
GO TO 310 00001650

320 Al J.L)=Qrp 00001660

330 CONT INUE 0QaQIeTO
RETURN 00001680

400 RETURN 1 QoD01630
END ¢po01700
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LISTING UF REFERENCE PROGRAM

Cann
Coann

i0

20
30

40

SUEPOUTINE CHEKBM (N Xy¥YsF,o5.G)
IMPLICIT REAL*Y (A-H,0-2)

DIMENSION XC1)eYOLPaFC1)eS5010:Gl 1)

DIMENSION Ala]+E(4)4EALG). KAL)

USEF PROVIDES THIS ROUTINE TO CHECK SOLUTION AS DESIRED.
IF NO CHECK3 AHF REQUIRED THCN RETURN

00 10 J=1.4

EA{J)=0.,D0

KA{J)=0

D0 32 K=1sHN
SX=1.20/DCO05(X{K))

Al L)=DTAN(X(K) )

A(2)=5Xe2Z

Al 3)=2.00¢A(1)%A(2)
Al4)=DLCGISX)

CALL ERROR [(A[1).Y(KI4E{1))
CALL ERRDR [A{2)}+F{K),+Ef2})
CALL FRROR (AL3)4S(K},E{IV)
CALL TRROR [A(a)salm }sEL4))
DO 20 J=1.:49

IF [E{J)+LELEALJ)) GO TO 20
EA{J)=ELJ)

KA[J4)I=K

CINT INUE

CINT INUE

WILTE (£,47) KA,EA

RETURN

FIRMAY ('0LHEKBM', 415, IP4E1Q.2)
END

54

00001710
00001720
00001730
000C17TeQ
000R1750
00001760
00001770
Q0001780
aoo01I7Y0
£2001802
Qdoo1810
00001820
©3C0183C
00001840
03001850
00001860
o000iavTo
00201880
000C1892
000019020
o0ooD19to
0J00192)
Q0Q00193D
0)ODL94D
00001950
00901960
QQ0Q01970D
00001980
Q0001930



LISTING OF REFLRENCE PRDGKAM

Coas
c‘..

10

20

SUBROUTINE CHEKDE (M pX,¥sFsSeG+ALFAHETA GAMAERSA)

IMPL ICIT REAL*8 {(A-H,Q-Z)

AEDC-TR-78-59

400020040
00002010

DIMENSION X{11 Y1 DaF{1)o501)sGl L) sALFALL) 4BETAL124GAMACL) JEPSALL}OG002020

COMMON /ENDS/G1.ALsB12C1aD1,ANJBNyCN,DN 00002030
CHECK SATISFACTION OF DIFFERENTIAL EQUATION AND END CONDITIONS ° 00002040
WITH SOLUTION 00002050
JH=0 00002060
DM=0.D0 00002070
0O 10 J=14M Q0022080
T=ALFALJ I +BETACII#YL J) GAMAL I} $F (I ) +EPSA LI 4G L) 06002090
CALL OIFRNC (S{J},T,D) 00002100
1F (D.LE.DM) GO TO 10 00002319
OM=D en002120
JM=y 00002130
CONT INVE 00002140
CALL ERROR (GleG(l},06) 00002150
TEALSY(1)4BLI¥F{1}+C1%5(1) 00002160
CALL DIFRNC (D1sTsDA} DODO2E 70
T=AN®Y {N)+BNEF (N) +CNSS (N} 00002180
CALL DIFRANC (DN»T,.D8) 00002190
WRITE (6,20) JMiOMiDGeDADS 00002200
RE TURN oovoz210
FORMAT (' OCHEKDE* 4 1 54 IPAELD 4 2) 00002220
END Uo002230
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SUSBROUTINE DATA [N+ Xs¥sFuS2Geka*) 00002240
IMPLICZIT REAL#%8 {(A—~H,0-Z) Q0002250
DLIMENS ION X(1)»¥({1)aFC13,5{1).GL1) 00002260
COMMON FALPHA/ LAB(18) o0DD2270
COMMON SENQOSY GleAlsH12CLlaD14+ANSBNICNADON 00002280
COMMON AFIXEDA NDIMs JCASE 4T eNT JOUT,LPRNT LNORM c0002290
COMMON #FLCATY TOL 2R SC 00002300
Cave DATA 15 SUPPLIED TO PRDGRAM BY USER VIA THIS ROUTLMNE QoQo02310
I (JCASELGT 1) GO TO 590 00002320
Casre PROVIDE ID FOP PRJOBLFEM 02002330
CALL LABFELS [LAR »*"PROSLEM FROY KAMKE "l co0Q2340
CALL LABFLS (LAB{1N)," ") 0ooN2350
Csan N IS5 NUMBER F POINTS 00DD236D
Cees NI IS5 MAXIWMUM NUMHER OF ITERATIUNS oooo2370
Cuse WILL WRITE SDLUTION OW UNIT JOUT IF J00T > 0 00002380
Cone WILL PRINT SOLUTION IF LPRNT S NOT ZERD Q0002390
Caen LNORM CONTRILS #AHICH NORM IS5 USED [W CONVERGENCE TEST [SEE MDORM] 00D0 2402
Cowsn ITERATIOM STDOPS IF RELATIVE CHANGE OF SOLUTEON IS < TOL Qod02410
Cuve NZW SPACING [5 COMPUTED IF CHANGE IM Y IS >» RSC 00002820
N=51 00002430
NT =30 Q00D 2340
JOUT =0 000028350
LPANMT=1 00002860
LMOR M=} GoOC247D
TOL=%«D—4 00002880
R5C=,0100 CO002490
Case. SPECIFY END CONDITIGHNS o00D2502
G1=0.00 0Q002510
Al=1.00 coD0z2s20
BL=0..00 c0D02530
C1=C.0D0 G0002540
D1=0.00 Q0002550
AN=1 .00 00002560
BN={.D0 aooo2sro
CN=0.00 00002580
ON=7 .DO o0002590
Cuns PRINT DATA o0002600
CALL PAGER (100) 00002610
WRITE (54603) 00002620
MRITE (6.6C1) NDIM.JCASEsNsNT+JOUT oL PRNT «LNORM 03002630
WRITE {(6.504) 00002640
WAITE [(64502) Gl+FOLWRSC 00002650
WRITE (6+505) 0206025660
WRITE (6+602) Al1.,81.C1,01L 00002670
WRITE (6.602) AN+BN.CN.ON 00002580
Censn PROVIDE STARTING SOLUTION 00002690
IF {Na.GT.NDIM) GO TO 57C CO0Q02700
X({11=0.D0 QooQ2T)10
XILN)=DATAN(DN) opoo272o0
CALL LUNIFRM (N.X) aooQa2T30
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CALL GUESS (MyXsY4F154+G,E580) Q0002740

WRITE (6:606) Q0202750

HETURMN QUoo2760
Caan TR ABIRT A CASE, RETURN 1, 00002770
STo SRITE (&6,607) cooc27an
589 RETURN 1 cocoo2790
Cueas WHEN A JOA IS FINISHED THCN RETURN 2 Qoo02800
590 RETURN 2 ca0o2aico
601 FORMAT {12110) 00002820
602 FORMAY {1RI0E12.4) 030028390
603 FIRMAT (1H0.Sl.aHNDIH.SE.SHJCASE.QKuIHN.ax.ZHNT.61'QHJDUT-Sx.SHLPﬂoooozsao

INT s 5Ka SHLNORM) @} 002850
604 FCRMAT {sHO I1e1lOXe 3HTOL + X3 AHRSC) QG002860
&05 FIRMAT (AHO A 11X elHS ol IXoHL 311X o 1HD) DQDGZBTO
&ls FORMAT {1lH 1} 00002880
S07 FURMAT (9HOMN > NDIM) 00002892

END 0002900
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Cann

Coers

Cans

SUBRUOUTINE DELTAS (S,0Ls05)
IMPLICIT HEAL®*H {(A-H,0-2Z)

CAOMPUTE CAP DZLTAs DLs & SMALL CELTA, DS, FROM SIGMALILI-1).

D.=5/(5+1.0D0)
BS={S—1D2} (5 +1..D0)
RETURN

END

SUBROUTINE DIFRNC (AL1AZ2eD)

IMPL ICIT RFAL®3 {A—HMH,0-2}

COMPUTE RELAVIVE OIFFEFENCE,. D. BETWEEN AL £ A2
D=DABS (AL-aZ)

A= 50N ADABSL AL #A2)

IFf {ALLC«0) RETURN

0=D/A

RETURN

END

SUBROUTINE ERPOR (A.BPsE)
IMPLICIT REALKS (A-H.0-Z1}

COMPUTE RELATIVE ERROR. Ey OF @ FRUOM TXACT WALUE,

E=DABS (A-8)
D=0DAASTA)

IF [D+LF«F) RETURN
E=E/"N

RETURN

ENb
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Cane

Cavs

19

20
30

SUBROUTINE GUESS (NyXe¥aFuSe+Gek)
[MPLICIT RLCAL*8 {A-H.D-2)

DIMENSION X(1)eY{L)oF{1)+5(1L)4G(1)
DIMENS [ON XA{2),YA{2}sFAL2).5A02])

COMMDN YENDSY Gl4A14HLsC1sDLsANsHBN CHDN
GJESS SOLUYION IN LACK OF A BETTER APPROXIMATION
WRITTEN OY DOW TODO APRIL 13 1978
HEXINI-X[1}

HS=Hb¥ 2

BA=BLl/H

88=BNsH

CA=C1/HS

CB=CNA HS
ALL=AL*¥*2+3,00¥{ BAF¥2+CA*R 2] -2 DO*BAR{ AL+CA]
ANNCANSFE 2+ 3003 {DES+ 24CE22 Y42 ., DO HOR{ AN+LB)
AIN=—Al1*BB+AN*BA-BA*CO+BH* CA+2.DO*[{AAREB+CANCH )
DET= Al |® ANN-A]lN®R2

IF {DET.EQ.D.DC) GO TO 10

El=[ ANNED]1—-ALN*DN) /DET

EN=( Al 15DN-ALN&D1) /DET

XAC11=X{1)

XA(Z2¥I=XIN)

Q= BA+E L +BB&EN

YA{L)=AL®ELl-OQ

YAL{Z2 )= AN*EN+Q

FT=(YALZ)=-YA(L)D)/H

G=CASEL+CB%EN

FA{Ll)=FT+{BASE1-Q}/H
FA{Z)=FT+{OB*»EN+Q) rH

FT={(FALZ)=-FAll) }/H

SA{L )=FT+CASEL1/HS

SALZ}=FT +CA®EN/HS

CALL QUINTS (Z2sXAaYASFASSAWNIX»Y+F+S)
CALL NTEGRL NesGl:Xs¥iFuSeG)

WRITE (6420}

RETUHRN

WRITE {6+30})

RETURN |

FIRMAT {(*DSOLUTION SUESSEDY)

FORMAT {'0CONTRADICTORY END TONDYITIOMSY)
END
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-
[N

Coas

10

20

30
Cana

40
50

SUBRDOUTINE MORPM (Ns¥ ls¥2,CaK)

IWPLICIT REAL®S [A-H,0-2)

DIMENSION Y101).Y2{(1})

COMMON AFIXEDS NDIMe JCASE» JT oNT 3 JOUT +LPRNT (LHNORM
CIMPUTE *DISTANCE" BETWEEN ARRAYS Y1 & Y2
K=0 ’
C=0.D0

[F {LNORMJNE.1} GO TO 130

COMPUTE A GLOGAL NORM

D=y1(1)

/=0

DI 17 J=1.N

D=DMINI{D, Y1LJ})

R=DMAX 1{Rs¥1(14))

CONT INUE

D=R-0

IF (O.LELDa00} D=R

I7 (DsLE«T.07) D=1,D0

00 20 J=1.N

R=DABS{YZ2{J)=Y1{J)}

IF {R.LE.C)Y GO TD 20

C=R

K=

CONT INUE

C=Cr0

RETURN

1F fLNORM.NE .2} GD TO S50C

COMPUTE A LOCAL MNORM

D3 40 J=1.+N

CALL DIFRNC (Y 1{J)+Y20J0):2)

1IF [D«.LE.C) GO TQ 40

L=D

K=J

CONT INUE )
RETURN

END
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AEDC-TR-78-59

SUBRDOUTINE NTEGRL INsGlaXs¥sFe54G) 00002330
IMPLICIT REAL*BA {(A—H,0-Z) a0ad03940
DIMENS JON KOLYaY (1 )aFC1)aSILYaGlL)D oR003950
- Lens COMPUTE INTEGRAL OF QUINTIC SAL, [ NE Q0003960
GL{1¥=G1 00003970
00 10 J2=2.HM 00003980
J1=a2-1 co0D399D
H=X{J2)1-X(J1) Ca0GaD0D
G(J2]=GtJl)+H¢(.EDOt(Y(Jll+YCJ2)lthi.lDD*[F{Jl)-F(JZII O0Q0eDL
1 #He{(S{J1)4+5(22)3/120,D8)) 02004020
10 CONT INUE Q0004030
RETURYN a000aQ40
END 03004052
SUBROUTINE PRINTS (NsX+YsFe5+G) 00004040
IMPLICIT REAL*8 [A=H,0-Z) DoocacTR
DIMENSION X{1)sYLlL)»FlLl)aS5410,G11) 00004080
COMMON ZALPHAY LAB(36) CO004090
COMMON /FIXEDs NDIMs JCASE, JToNT3 JOUT sLPRNY CO0O04LQ0
IF {(LPRNT.EQ.C) RETURN Q0004110
Caww PRINT SOLUTION 00004t 20
CALL PAGER (100} o0D0o4t 30
WRITE {5,30) 00004140
HN=X{2}-X{1) 0BDa15D
N2=N=-2 00004150
00 12 J=)1,N2 Q0004170
H=HN Q0004182
HN=X{J+2 )-X{J+ 1) 00004190
SIGMA=HN/H 00004200
ia WRITEC (5s40) Jnl(Jl-Y(JlaF(J).S‘J)'G(JloH|SIGHA Q0004210
J=N-1 00004220
H=HN oDo04a230
WILTE [(6e40) JoXUJ D VI3 2 {JDeSCI) »GlI) o H G0Qoa2ad
J=N 00004250
WRITE (64+40) JoX{d)aY(JFsF{IVsSCI)2GLIY 0004260
RETURN oDogQaz7ro
30 FORMAT IlHO-lQKq!HX:liK-IHV-l!XUEHYP:lOK|3HVPP.9X'lHl-le-lHH-lOX-ODODQEBO
1145} QDOD&290D
40 FORMAT (IS.lPSEIZ-#-EIJ-J.EIU-EI QDOD&3I0D
EMD apCcoazyd

-
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Cowe
Coas

10

SUBFOUTINE OLDE (MNeX+Y+FaSsGeALFA,DBETALGAMALEPSAD,
IMPLICIT REAL*¥B (A-H,0-271]

Q0004320
000043390

DIMENSTION 210 aY0LYsFL1}a5{1]), Gtl).ALFA{lI‘BcTﬁllJ.uAMA(]I-EPSA[1100304340

USER PROVIOES THIS ROUTINE TU

EVALUATE COEFFICIENTS OF QUASI-LINEAR]ZED EQUATI DN

DO 1Q J=14N

R=DSART{ 4., 00€F{J) YL J)*54)
ﬁ_FA(Jl:E.nOtV(J)tF‘J’.(YlJ}CFZﬁtznnoﬁF‘J’iY(J)“Q'/R}
BLTACJ)I=FLMI e ({4 DO0FFLII+2.DIsY(J)*®a )} /R—F.00€Y{ J) P2}
SAMACI)I=Y( ) *( (64 0RF(JI+Y( S IFRQ)/R=-Y(J}®&2)
EPSALJI=0.00

CONT INUE

RETURN

END
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Caes

Caaa

10

20

30

SJBROUTINE QUINTS tN1sX1aY1eFLe514N2ZeX2:¥2eF2+452)
IMPLICIT REAL®8 (A-H:D-Z7)

DIMEMSION XPOLJ-Y2L0l3eF14L)aSLOLYsXBCL Y210 )4F2810452C11
QUINTIC SPLINE INTERPOLATION

WRITTEN BY DON TODD APRIL 11 1978

XR==- 1050

J2=1

DD 30 J=14N2

IF (X2LJ4)«LLE.XR) GO TO 20

Ji=Jz2

J2=d2+%1

XR=xX1(J2}

IF {12.EQ4N1) XR=1.050 :
IF {X2(J)GT.XR) GO TO 10 )
H=X1(J32)-X1CJL1)

YA=YL{ J1)# . 200 %H*F L { J1)

YEEY1{ J1 )+ 24D0&HEF 1 J1 )4 L OSOORHE B2 RSN { J1 )

YC2¥LI{J2 )= AD0XHEF1{ J2 ) # 05D 0eHE*2 85 | { J2)
¥YO=Y1(J2 )~ 2DOXHIFL(I2)

TA={ X2 (JI=-X1L1J1 ) }/H

TC=1.D0-TA

Y20 I 1=4Y1{F1 JRTCHE 2+ 5, DOCYASTARTCH+ 1 0 D0MVESTASE2 ) & TC &% 3
1 FIYA(J2IRTARS Z4S. DO OYDRTARTCH 10 D0SYCRTC K02 ) kTARE]
QAS{TC~4 4 DORTAI®TC*%3

QD ={ 4. D0ETC-TA)*TA®* 3

Q8={ 2. 00*TC-3.DOSTAIRTCE %2

AC={ 3. DOSTC=2,DORTA) *TARED

FRUI1=5.00%{=Y1lJl IeTCH*4+QARYAF 2, DOSQBFYEITA
1 Y L{J2)*TASSA+ QD SYD+2.DI*QCEYCETC) /H
QA=(TC*%2—6.DOMTARTC +3.D0%#TASR2) 2T C
QO=(3,D08TCRE2-ED0TARTC+TASEZ2)STA
S2(J)=20.00F{Y1{J1}*TCx* 3=-QB YA +QASYD
1 4Y1{J2)2TARE3+QC*YDHOADAYL ) /HSR 2

CONT INUE

RETURN

END
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Conn

Crue

Caus

10

20

30

a0

50

&0

SUBROUTINE AESPAC (NyX+¥4FsSs04XArYAsFAySAD
IMPLICIT REAL&E {A—H,U=Z)

DIMENSION K€1) YUl haFC1)aSULI+G{1) +XALL) aYALL)SFALL) sSACT)
COMNON /ENDS/ Gl '

CUMMON #FLOATY TOL+RSC DY

DY 1S COMPUTED IN UPDATE. RSC IS SET IN DaTa,

IF (OY .LE,R5C} RETURN

CIMPUTE NEW SPACING FOR NEXT ITERATION

WRLITTEN BY CON TODD APRIL 13 1978

NL=N—1

H=0.D0

DO 10 J=1,MN1

J1=J+]

HEHHDSARTCIX (I L I-XCI) b xe2el¥(J 1) =Y {J)) wa2}

OH=H/N1

H=DH

OR=D.D0

XAL12=XC1}

Jz=1

DG 40 J=2.N1

IF (DR .GE.H) GO TO 30

H=H—DR
XR=X{J2)

J1=42

4220241
DX=X{J2)-x{J1)
DY=Y(42)=vY{J1)
DR=DSGRT (DX 42 +DY*$2 }
CT=DX/DR

GD TG 20
XA{L IS XR4HACT
XR=X AL J)
DR=DR-H

H=DH

CONT INUE
XA{NF=X(N?
CALL QUINTS {NeXa¥rFosSaNsXAsYAsFAs SA)
DD S0 J=2. N1

X(JI=XA( L)

Y{JI=YALJ)

FlJI=FALJ)

S{JI=SALJI)

CALL NTEGRL ({N+sGleXs+TsFeS,;G)
WRITE (6460}

RETUARN

FORMAT [* MEW SPACING COMPUTED® )
END
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Coae

10

SUBROUTINE PESULT (N+«RaXs¥sFeSeG)

IMPLICIT REAL¥8 {A=H0=2)

OIMENSION RE3sNYsX{1JaY(1)FELIsST1DeGC1)
COMPUTE ¥, Fs & S FROM RESULTs Re OF BANDED
HI=x{2)-x{1)

T1=(RE I, 2} -RI3 1) I/HI-HI#{ 2, D0%R(241 )4+R{ 2, 2) 176,00
Yilk=R{3+1%

F{1}=71

S{1I=R(2+1)

GCLI=R(1,1}

Nl =N~-1

00 10 I=2.:N1

IA=1+1

ID=1-1

HI1=HI

HI=X(TA)=-X{(1])

ST1=HI/HIL

CALL DELTAS (SI1.DL.DS)

T1=eSDO*R(=R(Zy IDIHI1+{1+Q0/HI L1~ LeDO/HE}FRIII V4RI TA)/HT)
HHIISR( 2, 10342 00%{ HI1=HI[ ) *R{ 24 LI ~HI®R{2,[A)) /12,00

A=SILI*RR(2,10)-{SL11 +#] .DCIRR{2s1I+RL 22 IA)
Y(I)=R{3.:1)

FUI)=TL+D5%HI1%Q/3€ . D0
S{II=R{2+1}40L*Q/6.D0

GUII=RI1,1)

CINT INUE

HI1=HI

FI=CR{+NI-R{ZI4N=1 )} I /HTIL1#HI 12 [ 22 D0CRE2NI#RI24yN-1) ) /6aDD

Y(NI=R{3.,N)}
FINI=TL
S{NI=RI{2.M)
G{N)=R{1l,N)
RETURN

EMD
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Cres

10
Coes

Cens

SUDROUTYINE SYSTEM {NeXsALFAHETA +GAMAEPSA 4D 4R )
IMPLICIT REAL®*B (A-H.0-Z)

DIMENSTON XI{N) s ALFACN] 4HETAIN) GAMALNI JEPSA(N] D1 3N, 121 +RI{3 N}
COMMON /ENDSY GlsA1481+C1eD1+ANBNCNWDN
CUMPUTE COEFFICIENTS ANL HHS OF SYSTEM
80 19 K=1s12 )

OU LD I=1l+N

Cu 10 J=1,3

D2y 14K )=2 DN

EQUATIONS FOR I=1

HI=x{2-X%11)

DLiis1aCi==1.00

Of2e1s SI=EPSA(])

00241 6)==1.00=-GAMA(L)®H[/3.00

DE 241 T)=HETA{ L )-GAMA( 1) rHI

D{2¢1. G)=—GCAMA( 1 I* HI/6.DO

D{Ze1y 10=GAMALLY/HI

D(3s 1s 5i=C1-Gle*nl/Z2.D0

DE3e 1, LI=AY=-Bls/HI

o L 2 I Bl=-81%HI[/6.00

D341y 9)=D01-HI

RIlLs11==-51

RI241)=—ALFA[1l}

R{3,21=D1

EQUATIONS FOR [=2

HIl=H1

HI=x{3}l-x(2)

SllzHI AT

CALL CELTAS (SIL..3L,051

AL I=HL1%x30(DL-2,00%«D3)/720.00
QE=(GAMA(2 )2DS*HL]1-6,00*DL I/ 36007
D{1s24 3l=1.D0

Dl1a2s 41==HI1¥%3/730.,00+A11%5]1
D{leZ» S)1=9aUD*HI 1A 200D

D{Lls2e 6)==1.00

Dlla2s TI=HIL1*%#30(2,00#%S5[1=-3.00)/120.00-A11%{S11+1.0D0)

D(1ls2¢ BITHILX( 1aDA/SI1#11.D0)/20.00
Dlls2s 10I=HIL*¥#2¢HT/120.004A11

Dils2e L1)==HILAC20.00%511)

DL2e2s 3)=GAMAL2)2H]1/12.D0+51140C

DU2s2y 4)=—GAMAL{Z2}/{2.00%HI1) '

Dl2s2s SI=EPSALZ)
DELs2s€3==1sD0+GAMAL2)*{H] I-H]1 }/E.00-0C*{S11+1..00)
Di2s2y TI=DETA(2)+.5D0%GAMA(2)% (1.DQ/HI1-1.D0/HI]
P2 2,9)=—GAMAI 218+ /12.00+QC

D{Z2v2y 1OI=GAMAL2I/(2.004%HL)

DE3, 2« 2i==HI1/6.DC

oi{3,2, J1=1.00/H11

DE3421 S)=—(HII+HL)/3.00

O0(3,2: 6H}==(1.D0/HI1+1.DC/HI)
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Q0005760
0DoOOSTYD
20005780
o000S790
030058032
opoosSalo
oDpoosS8z20
conos5830
Q005840
Q0005850
00005860
QQ005870
0000S880
DODOSEI0
00095900
00005910
DoDO5R20
23005930
00005940
00005950
0J005960
00005970
Ga005980
ooo0S950
Q0Q0B000
JO0DED10
CopObl2Y
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0005040
0006052
Q00060060
00006407
00006282
Q0006090
0a006100
00006110
OLo0BE120
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LISTING OF REFERENCE PROGRAM

Cuse

100
L

D( 342 BiI=~HI/0.00

D(3:2:9)=1.,00/HI

RI1+2)=0,00

R{Z2s2)=—ALFA(2)

RI3+2)=0.D0

EQUATICONS FOR 2 € 1 < N

NIi=N=-1

DO 100 1=3,N1
AZI=HI#*x3x{UL+2.00%DS/S11)/720.00
HIia=Hi1l

HI1=HI1

HI=SX{I+1)=X{1I)

S12=511

SIl=HI/HIL

CALL DELTAS (S114DL+DS)

ALT=H] 1#%34{DL-2.D0%DS)/ 72000

QC={ GAMAC [ }*OS*HI1=6+.00=0L} 236,00
Dil1sIsy 1)=HIZHHIL1EX2/120,D0+A214512
Dl1l,I, 2==SI28HIL1/20.D0

Dllsis  3)=1.D0

D{lels 4)=HII*%32(1.D0/SI2=1,D0}760.D0+A}ISS511~-A21%[S12+1.D0)
Dilsls SIZHII*(SIZ#10.D0) 220400
DELlsIy &)==1,00

0{1+1s 7I=HIL¥*3x(S]I1-1.00)/60.00—-ALL*{SI1+1.DOY+A2I
DilsIy BI=HII#{1.D0/511L+10.00}720.00
DE1s (4 1C)=HI12E2:HI/120.DC+ALE

DClels 111=—-HI1/(20.D0%S11)

D(2y 1+ 3)=GAMA{ I )&HI1/12.D0+SI1#QC
DE2sls B)=—GAMA(L}/({2.D0OEH]])

Dt2«1e SI=EPSALI}
DE2el+6)=—1+00+GAMALI)*{HI 1-HI)})/76.00-0C*{S11+1.D0)
ol2s Ly TI=HETA(L) ¥+ SOOSGAMAIYT ) (]l 4DO/HIR=1.D0/H] )
DE2s [ )=—GAMAL [ }J%H1/12.004QC

DC2els 1O)=GAMA(LI} /L 2.D00HI]}

D{3, Iy 2)==HI 1/6.D0

D{3s L 3l=1.00/HI1

DE3s 1. S)==(HI1+#HI)/3.D0

D{3sy1ly 6)==(1.D0/HI1+1.00/H1)

Di3+1s B)=—HIL/6.,D0

D31 9)=1DOSHI

R{1:11=0.D0

RI2sL)=—ALFAL]}

R{3+1)=0.00

CONT INUE

EQUATIONS FOR 1I=N

AZI=HI#* IS (DL4+2.D0%0S/511)7720.00
HI2=HI1

H11=HI

sI2=511

D{1+N, 1)=HIZ2*HI1%0 2/120.00¢A 210812
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00006130
Q0006140
D3236150
Q00DQGIGD
DO0DCGEITO
00006180
gQo0s190
Q0006209
Q0006210
coooe220
00006230
00006240
00006250
00006260
000De270
onoosZB4a
oco06290
00006300
00006310
00008320
ooDOes33D
DODO&3a0
20 DPCEISD
00006360
00006370
00206380
Q0Q0E3R0
Q0006800
Q0006410
00006429
Q000B430
00006440
00006450
00006460
Oo006aT0
0DOD6ASD
00006490
0DD0&ES500
00006510
00006520
00006530
00006540
00006550
00006560
03006570
00006580
00005590
o0D0&600
00005610
00006620
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LISTING UF REFERENCE PRUOGRAM

[HI Y 2)==~35124HI1/720.,D0
DI LaNy 31=1.D0

Ci{1sNy A)=HI1*®3I* (2,DN/SI2=3,001/120.D0-A2[%{SI2+1.00)

CL1sNa SI=HIL#*(S[2+11.D0)/20.00

Ol laNa&)==1,D0

D{ 1eNs TI==BI1%®a3/30,D0+421
C{LlaMs 8)1=9.DO0xHI1/20.00

D{ 24Ny 31=GAMA(NI®HI1l /6 .DQ
D(2eNe AI=—GAMA(M)}/HIL

Bl 2.Ns S)I=EPSA(N)

NE2eMa 6)==1.DO+GAMAI(N}*HI1/3,D0O

2 2 Ny TI=BETA(N}) +GAMALINI /HIT 1]
D{ 3+ Ns Z2)=GN&HI 1/6.00

Dl 3sM, 3)¥==BN/HI1

D e N SITCN+#BN*HI1/3.00
D3N G)=AN+BN/HI 1
R{1sN)=0.D0

R{Z2yN)==ALFA{(N]

R{3,N)=DN

RETURN

END
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Q0005640
00006650
00D066G0
CO00D6670
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00006690
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00006750
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LISTING OF REFERENCE PROGRAM

SUBROUTINE UMNMIFRM (MuX) Coo0LaAD
IMPL ICIT REAL®E (A—H.0-7) 000066850
DIMENS TON X{ 1) DODN6867
Coue GLVEN Ns X(1l)s & X({N} COMPUTE UNIFDRM SPAC NG oGo06B70
HL=N=1 02006880
D=L X{N}I=XC1])/N1 oO00&BY9D
CO 10 J=2.H1 00006900
10 ALJr=X{1)+(J-1)%DXx Qooo0E9LD
WRITE {6+20) Q00006920
RETL'RN Q0006930
20 FORMAT (*QUNIFORM SPACING COMPUTED ') GDOd694)
END 0QC0695]
SUBROUTINT UPDATE [(NaY1+F1:GLla¥2.,F2:G20%) 02006962
[MPLICIT REAL$H (A-H,0-2} 00006370
CIMENSION ¥YICL)+FLI13aGI{l}s¥20(1)4F201)aG2K]1) CO00EDBD
DIMENS ION KA(3) CLOoD69I9D
COMMON AFIXED/ NDIM, JCASE.JT 00007000
COMMDN /FLOAT/ TOLsRSC.E(3) pOdGTOLO
Cowe COMPUTE CHANGE I[N SDLUTION oo00702d
CALL NORM (MHaYla¥2sE(1)}sKA(1)) 00007330
CALL NORM (N4F1.,F2:E(2).KALZ2)) 30007340
CALL NORM (N4G14+G2+.E{J}+1KAL3)) oQ00Ta3D
MRITE (6456001) JY.KA,LC 00007060
Cuosn UPDATE SOLUTION BODOT070
DO S0 K=1sM oo2070BY
Y1IK)I=Y2{K]} QQoo7ToSD
FLIK)=F2{K} 00007100
SC GILIK)=G2(K} Q0007110
Case CHECK CONVERGEMNCE aQooQ7120
DO €0 J=1.+3 oDOO7130D
I LECJ)SGTTOGLY GO TO 70 QDYQ7I4D
14 CONT IMUE oQoav1lSD
Cusa I CONVERGED THEN RETURN 1 oD0DT16D
WRITE (6.6D02] oDo07170
RETURN 1 ca007182
T0 RETW RN 00007190
6001 FIRMAT {* UPDATEY 41104 I1P3E10.2) 00007200
6202 FORMAT [(*JCONVERGED SOLUTION?) 033072190
EMD 03097222
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LISTING CF REFERENCE PROGRAM

Conan

30

Cawns

Cuuse

Cowa

10
20

SUBROUTINE WwRITES (NsXsYoF $5,G)

IMPL ICTIY RFAL*8 [(A-H,0-2)

DIMENS ION XAIM)aYTIN)YsFIN)+sS{N)sGI{N}
COMHON A AL PHAY LARL3G)} .
COMMON SFIXEDS MNOIM, JCASEs JT+NT: JOUT
IF (JDUT.LE Q) RETURN

WRITE SOLUTION ON JUNIT JGUT

WRALTE [JAUT) LLAGHN

WRITE [JUUT )] X, Y2F 5.6

WRITE {6.57) JOUT

RETURN

FIRMAT (*OSOLUTION WRITTEN ON UNITT*,13)
END

SUBROUTINE PAGER (M)

COMMON ZALPHAY LAB{LIB)«IDI{W)+ID2(9) s JLINE sNLINE, JPAGE
LINE COUNTER ROUTINLG

JLINF=JL INC+N

I {JLINE.LEHLINE) RETURN

JL INF=N

JIAGES JPAGE+1

CALL TIMCHK (T}

M=T/60.

S=T—-560 %M

T=M+5/100.

WRITE [(64,210) [D1,102.JPAGE

WRITE {6520) LAB.T

RE TURN

ENTYRY PAGES

INITIALIZE LINE COUNTER

CALL TIMCHK (T)

CALL LABELS {LAB.38H

CALL LADELS (LaABC10)LAR)
FOLLOWING CARD 3JUPPL IES USER 11
CALL LABELS {IDl«3&HDC TADY CDPS
CALL GETHOW (ID2)

JPAGE=N

NL INE=S0

JLINE=NL INF+1

RETURN

FORMAY ({IH]+18A4428%4+4HPASE.I&)
FORMAT (1M 3 18944 ,338X4FT IMEF&.21)
END
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00307350

00007360
QODOT3TO
oco0T380
€lJa739¢
QO0DT&0D
QQ007a 10
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00007340
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00007510
Gao07520
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LISTING OF REFERENCFE PROGRAM

SUBROUTINE LABELS {L,N} 00007550
DEIMENS ION LILY, NML(Y) 00007660
Cesse THANSFER LITERAL INTO AN ARRAY CoQO7H6TO
DO 10 J=149 00Q07680
10 LCJI=NLD) 03007690
RETURN 000RTTO0
END 0000TTIO
SUBROUTINE TIMCHK (T) 000077240
Cess SYSTEM DEPENDENT ROUTINE TO PROYIDE USED CPU TIME IN SECONDS 00007730
T=0. 00007744
RETURN GO20T7750
END COO00TTED
SUBROUTINE GETNOW (N) ooDoOTTFO
DINENS ION N{1) Q00oOTTE0
Cees SYSTEM DEPENDENT RGUTINE TO PROVIDE SHOT I{D IN FOLLOWING FORM Q0007790
CALL LABELS (N.'AROO8671 13:29 WED MAY 1D, 1978¢) Q0007800
RETURN 00007810
END coQO07T820
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APPENDIX B
INITIAL SOLUTION

To begin iteration (Section 3.2) an initial "in-hand"' solution is needed, and at times
it cannot be justified as anything more than a guess, Even a guess should be made as
consistent as possible, however. In particular, it should satisfy the end conditions, Eq.
(24). Since the spline is a quintic in each interval, [%;, X341 ], it seems reasonable that a
quintic over the whole interval, [x;, xy], could possibly be a pood guess. Equation (24)
with i = 1 and i = N gives two equations in six unknowns. If further assumptions are
made to fully specify the six unknowns, then the quintic would be determined. The
following procedure is proposed to specify a qunitic with the least variation in itself and
its derivative.

Define
H = xy - 1 (B-1)
W= L ny - my) (B3)

E = )’:1z + yf\- + H? |:(m1—ﬁ1‘.‘2 + (my - ﬁ1)2:|
«HY [M) - 2+ My - mZ] (B4)

It is proposed that E be minimized subject to the constraints of Eq. (24) withi= 1 and i
= N. Using the Lagrange method of multipliers to minimize E, one defines

F=E-2\(Ay +Bma+«CM-D)
- Dy (Agyy + Bymy + CyMy - Dy (B-5)

which introduces two extra unknowns, A7 and Ay. Differentiating yields

JdF - 2y1 + 2H(m1 + my — 2m) _ QAIAI =0

dy, (B-6)
aay_i = 2Zyy - Mlmy v my — 20) - ANy = 0 B-7
fﬂﬁl = My - @)+ WM, - My - 20) - 2B, A, = 0 (B-8)
aaTFN = % (my ~ @) - M3M; + My - 2M) - 2By Ay = 0 B9

72



BE = oHY(M; - M) - 2C)A; = 0

an,

IF
N

) ,
SE = gHA My - M) - 2Cg Ay = 0

(f\_l:l‘ = —2{A1y1 + Blml + ClMl - Dl) =0

ae)rli = —2(ANYN + BNmN + CN“’N - DN) = 0

AEDC-TR-78-59

(B-10)

(B-11)

(B-12)

(B-13)

The last two equations are the equations of constraint. Equations (B-6) thru (B-13), after
substitution of Eqgs. (B-2) and (B-3) for m and M, are eight linear equations in cight
unknowns. One can simplify the system as follows. Adding Egs. (B-8) and (B-9), one

obtains

H(m1 + my - 2m) = 1E(BI;\1 + By
Substituting Eq. (B-14) into Eqgs. (B-6) and (B-7)

Substituting Eqs. (B-15) and (B-16) into Eq. (B-2),

m:ﬁ(AN)\N —AIAI) +.2_(Blh] + By A

)
H2 N

Adding Eqs. (B-10) and (B-11),
2 .
H® (M} + My - 2M) = # (Cra; + CyAy
Substituting Eqgs, (B-17) and (B-18) into Eqs. (B-8) and (B-9),

I
.
2}

>
4

Courg) + L B.A
3 NAND T S it

my = LAy dy = ApAp -2y (B + Byay)
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Substituting Eqgs. (B-19) and (B-20) into Eq. (B-3),

M= 2 (€1a v Cydy) + L (Bydy = ByAp

Substituting Eq. (B-21) into Egs. (B-10) and (B-11),

1 . . ].
= 1 - 1

1f Egs. (B-13), (B-16), (B-19), (B-20), (B-22), and {B-23) are substituted into Eqgs.

and (B-13), then they take the form

'
]

IN Ay =

A

il
=

N1AL + Ay Ay

where
2 2 2 n A T
Ay, = AT + 3B + 3C{ - 2A, B, - 2B,T,

Ay = -A By + AyB; - BiCy + ByC, + 2B;By + 2C T,

ANl = All\'

Ayy = Af + 3B% + 3TF + 24 B, + 2B T

B.

1

Bi;

o
= ==

C.

1

]
-]

(B-21)

(B-22)

(B-23)

{B-12)

(B-24)

(B-25)

(B-26)

(B-27)
(B-28)

(B-29)
(B-30)

(B-31)

with i = 1 and i1 = N. Equations (B-24) and (B-25) can be solved for & and Ay. One can
then obtain y,, yn, my, my, M;, and My from Egs. (B-15), (B-16), {B-19), (B-20),
(B-22), and (B-23). These values determine the quintic which can be written down
directly by analogy with Eq. (86). This is the initial solution suggested, for lack of a

better approximation.

14
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APPENDIX C
CHANGING SPACING

Splines were originally invented for interpolation, and interpolation of spline
solutions is immediately available. This, plus the suitability of spline collocation to handle
nonuniform spacing, makes it feasible fo change the spacing betwcen iterations to
improve accuracy.

Since smaller steps arc needed where the function changes the fastest, the following
procedure can be used. Consider straight line segments between points, (x;, v,) {that 1s, a
broken-line solution). Compute the length of the broken line and divide by (N-1) to
determine a constant step size along its length. Taking constant steps along the
broken-line solution, determine the new x,. Interpolation provides the new in-hand
solution for the next iteration.

Figure C-1 illustrates the respacing technique with N = 6, Beginning with equal
spacing. the old solution is marked by the heavy dots. The new spacing is determined by
taking equal steps along the broken line, marked by the symbol "A". The new solution is
obtained by interpolation at the new x, and is marked by the symbol "DO". Note the
shorter h, at the ends, where the function is changing the fastest, and the longer h, in the
middle, where the function is changing the slowest.

15
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Figure C-1. Respacing technique.
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APPENDIX D
MODIFICATIONS TO RUN THE EXAMPLE PROBLEMS

MODIFICATIONS TO RUN EXAMPLE 2

—INS

~REP

1a

L6

-REP

10

15

20
30
-REP
-REP
—INS

—-REP

-REP

1740

DIMENS ION Yd(23),FB{ 28)}.58(24)

COMMTN ZENDS/, Gl

COGMMON SFFIXEDS MDIM, JCASE

COMMOMN /PARM/A PALT I FA{TIsXALZA)»YALT,28)
130N ,1900

M=]15

DO 14 K=15.28

[F (YA(JCASEWK)+EQ1.DC) GD TO 16
M=M+1

M=28

CALL QUINTS [NsXs¥sF +SeMeXA YR, FB, 5H)
CALL ERROKN (FA{JCASE}.FL1),EAL2))

DO 30 K=l.M

CALL ERROR (YA{JCASE K)»YBI{K)sE[1)}

DO 20 J=1.1

2310.,2350

COMMON FPARMY PA(T I+ FALT I XA(ZB),,YALT28)
DIMENS ILN XNIET)

DATA XN/BaDOs74D0s 64500+ 0.D085+50044,80043.00/7
IF {(JCASE«GT 7)) GO TO 590

IF (JCASE.GTW1) GO TO 26

CALL LABELS {LAB+3IGHEXAMPLE 2

CALL LABELS (LABC10) IEHFALKNER-SK AN CQUAT[ON
READ ([ S5:5C71 1 PL.PA

READ (S5.S001) FL+FA

DD LG K=1,28

READ (545003 XA(K I IYA{ oK }eJ=147)

PO 13 K=1l6,28

DO 1S J=5.7

IF AYALJ K} e“Q404D0) YALI 4K )=L DO

CONT INUE

CALL PAGER (100)

WRITE [(6.,€001) PLsPA

WIITE (&+6001) FLW.FA

WRITE {&,6002}

DO 20 K=1.28

WRITE (£,6003) KeXA{K)e{YAlJsRKD) s d=1.7]
CONT INUE

2450.24€0

SOuUT=2n

LPRNT=0Q

2590

DN=1 .D0

2610

WRITE {B£,26004) PA[JCASE)

2r2o

XENY=XHI JCASE)

2740

A=34.D0
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MODIFICATIONS TO RUN EXAMPLE 2

20

=INS
5001
5003
6001
6002
6003
[1els L]
= [ MS

—=INS

~REP

DO 5C JS=LlaN
EX=DEXPI—A%X[J})
Y(J)=1..00-EX

FLJ)=ASEX

S{J)=—EX®A®x?
GlJ)=X(JIH(EX-1.:D0} A
CONT [NUE

2B9Q

FORMAT [ A4,5Xy7E9.0)
FURMAT (8E9.0)

FORMAT (1HC . A4 ,5Xs TF 1Mab)
FORMAT ( 1HD « 7X 24 2HX
FORMAT (I3:F7elys TF1045)
FORMAT ('K ='.FIJ.5)}
a3a0

COMMON /FIXED’ NDIM, JCASE

COMMUN FPARMY PA(T) FALTI s XALZ2B)YAITH258]

43690
P=pPAIJCASE])
4380,.,9420

Y(X) CORRESPONDING TO ABOVE K VALUES])

ALFALJISGLIIRF{J )P (1.004Y(J)%%2)

BETA{I)=2.00%P*T(J)
GAMALJ j==-G(J]}
EISA(J}==-F(J)

78

51

53
54
55
56
57
58
59
-3+
61
62
63
-1}
&5
1.1
&T
&8
69
70
I4 ]
r2
T3
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MODIFICATIONS TO RUN EXAMPLE 3

~INS

-REP

=1IMNS

-REP

10
20
ac
-REP
=-REP
~INS
~-REP

—-REP

40
=INS
too
=INS

—-REP

-REP

—REP

1740

COMMON /PARM/ P.Q

1810.,1850

Z=DEXP{—Q*X(K)}

All)=Q%Z

A(2)1=—0%A(1)

Ald)=—axalz)

Ala)=].D0-Z
EC1)=DABSTA{1)=YIK}}
E(2)=DABS{A{Z2)~FIK})
E{3)=DAAS{A{3)-5(K]})
E(4)=DABS{A[4)~-GIK]))

2300

COMMON ZPARM/ P.Q

2320

IF (JCASEWLEQ.]) GO TO 20

IF (JCASE.EQ.2) GO TO 10

IZ {JCASELGT 3} GD TO 590
P=4,100

GJ YO 30

P=,0100

GO TQ 30

P= 400100

A= 1+D0-DS5QART (] D0-4,D0%A )} /C2,DI%P)
234022350

CALL LABELS (LAB,36HEXANPLE 3
CALL LABELS (LABL{10},36HYISCOELASTIC FLUID

2550

ol =a

2610

WRITE (6.7CG0) P, Q
2720
XiN}=12.,00/Q
2740

DO 40 J=1sN
Y{J4)=1.00
FlJ)=1.00
S{Jr=1.00
G{J}=1.00
2890

FORMAT (AQHOK =,1PEL12+8:SXs BHLAMBOA =4E1248)
4340

COMMON /FPARMY PeQ
4380,4410
ALFALJ}=0.D0
BETA{J)=-]1.D0/P
GAMALJ)=HBETAC(JD)
G6750.,6780
DI3+Ned =1l D0
6810

R{3sN}=1 .00
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NMODIFICATIONS TO KUN EXAMPLE &

-REP 1740

DIMENS ION AACI e YAII42) ¥R (3)4FBII1+SBI3FEALS) yKALS)

COMMON ZFIXEDs NDIM. JCASE

DATA XAZ0.D0445D0s1.D0/

DATA VA/-biOO“?DO.o4731¢3J0|c4|34l500-.QUSQOTDO--532046001.33?9650

l0s 2999 D0BD0. 55948300, 420737600/
-REP 1800 ,1950

CALL JUINTS [NsXs¥eF sSs34XA,YB+FB, 58)

DO 29 J=1.3
20 CALL ERROR (YACI L JCASE) s YRUJDEALI))
=INS 2300

COMMON s PARMS P

DIMEMS 1OMN PAL3)

DATA PAZ14D04+ 100400100/
-REP 2320

IF (JCASFE.GT.3) GO TO s9a

P=PA(JCASE)
=REP 2358022350

CALL LABELS (LAB3IEHEXAMPLE 3

CALL LABELS (LAB(I0) +36HCHEMICAL DISPERSION
=REP 2450.,2460

JOoUT=20

LPRNT=)
=REPF 2530,25%0

81=-p

Cli=0.00

Dl=1 .00

AN=C D0

anN=] .00

CN=0.D0O

DM=0.D0
—=INS 2610

WRITE (6,6004) P
-REP 2720

X{N)=1 .00
~INS 2390
6004 FORMAT ('0K =1 ,Fl0,.5)
=INS 4340

COMMON /PARMS P
~REP 4380.44al10

BETA(JII=1.2500/{Pe( 1 00+ 100%®Y{J) ) %k2]

A_FA{J])=olOO¥BETA(J)eY(J e L2

GAMA LY F=1.00/P
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AEDC-TR-7B-59

MODITF[CATIOKRS TO RUN EXAaMPLE S

-REe

—-REP

S0

400

411

—~REP

-REP

~RFED

-RER

-REP

-pep

1743
DIMENS[IN XA(ZOYAYA(2D) . YBI 201 DML 20)
DAT & XAF 13N 142001480041 46N0sl BRI Za0D0+Pa?N0a? 40342 46D ,2 4800

143030 % FoPD Y Za 8D "4 44D "2 5,027

DATA YA/1aDTea71040N, 4871063210600, 1897D044103300,5404T75D04.71340

10 = e AN CS0N = o PSSO = e 017200 4= M 9200 ,4—- 012100 ,-uN131DD 4= 0058007

L 1 IS |

CALL GQUINTS (NyXsY4F 1S9 15 XA YA DM ,ON)

WRITE (A,400)

PO SH =101 %

D=vAld}y-ra(Jd)

WRITE (64417 JeXald)oaYALD) wYAL{ DY WD

CONT INUE

RETURQN

FOOQMAT (' ICOMPARISDY] OF SOLUTICN wlTH TABLE IN REF 71/1HO 8% s1HJ. B

1X e VHAX EXa PHYAL B Xy 2H1Y3, dXe 3HD IFF }

FORMAT [T17-F13.1+3F1%.4)
2340, 2350

CALL. LABELS (LAB.ZEHTXAMOLE 35
CALL LABFLS (LAR( 17} ,IEHINHERCNTLY LASTAHLE PROBLEM
2450, PAR0

JAuT=20

LARNT=]

2551

D1=1.N% 5

2590 \;
DN=73 .11

2710,2724

XC1Ek=1.70

XKiN)I=2N.D0

4380.4310
BLFALII= LD/l LDO+XT{AD}
BETA(II=XN( I ) *%?

GAMALJI=0.D7D

31



AEDC-TA-78-59

MODIFTICAT [JMS T RUN T XAMDLE €

-INS 172l
COMMON FDARMYF P PS5 ,PT TP .C1,C2
=INS 1790
E1=DEXP (-7}
O=1.304E1
CO=¢1.D0=-EV)A(P%D]
-REW 1A10, 1897
El=2[ex{K)
CX=NC0S(EL)
Sx=05IN8(E1
CC=CxEx2
CS=CXESX
F1=DEXP(PE(X{K}=1,D07))
E2=DEXP({-PxX{K]1]
SI=(EL+E2)/0D
SP2=(F1=-E2}sD
A{1)=51-CC
Al 2¥=Pk52+TP=C5S
A{Z)=O0S5%S1+2 .00 2%CC~-C2
Al4Y=S2/P-CS/TP - . SNOEX{K)+C N
E(1¥=DABS{AL 1 )Y}
E{2)=DABS{A{>)-FIK})
E{AY=DABSIAI2}-5(K})
E{a4)Y=DABRS{A{8)-GI(K]))
- INS 2300
COMMOMN SPARYM/ B ,D5,P1,TP.CA,C2
DIMENSION PAL[4)
DATA PASLOWD0+15.00420.00425.00/
-REP 2320
IF (JCASE.GT.1) GO TO 1%
P1=4.,00%DATANIL1.D0)
TP=2.00%P1
C2=TP*P1
10 IF (JCASE.GT.4) 650 TO 590
P=PA({JCASE)
pPo=pPxEe>
CASPS+2.D0%C2
-REP 23340,2350
CALL LABELS [LAB,3ISHEXAMPLE &
CALL LABELS (LAB(10).36H
~RER 2450,2460

JOuT=2n
LPRNT=1
-REP 2590
DN=0 .0O%
=INS 2610
WRITE {5.56004) P
-REP 2720
%XINYI=1.D0Q
-INS Z2A%0

82

e s LTI T R TV ]

N oo pie P o op PG W W W RN N R R R IR e e s e e e
OVA~NONPLUMY =T YT NN PLRO N DN PE W~ 0@ NN S WY —-D



AEDC-TR-78-58

MODIFICATINNS TO RUN EXAMOLE £

6004 FORMAT (T0K =t,F10s%)

S1

- INS 440 52
COMMORM FAPARMYS P 4@ S,P T TP L1 L2 57

=REP 43R0, 441N 54
ALFALII=SCL*ICCS( I ®x{J) ) e%x2=C2 5%
RETALJ)=PS a6

GAAAL I I=0,00 57
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AEDC-TR-78-59

MODIFICATIDNS T AUN CXAMPLE

=1N5

-REP

=ENS

1"

21

—RED

-REO

-RED
- INS
-REP
~INS

5000
-RERP

1ra0

COMMON /PARM/ Q45K
1810+ 185D
AG=CR%*{ X(K )= o5DN)
TAG=NTANLAG)
SFECS=TAGX&2 4] ,.0N
Al2)1=2,DNESCETAG
A{T)=n%5CCS
Ala)=05G0K)
ALL)=DLOG{ AT 7))
2300

COMMTON fBARM/ Q, 5P
a=,509

N0 10 J=1,100nN0
P=0

SR=DSORT( .EDT#P)
Q=D0COS{ +SNORSR I &2
1IF (P.EQ.O0) 57 T2 20
CINT [NUE

J=1gnn

COMNT INUE

PIlan, 7750

CALL LAREL S (LAB.ZRHEXAMRLE 7
CALL LABELS (LAHR{10)+Z6HY*'"

Z245n,7aL9

JOUT=73

LPRNT=]

2590

DN=2

7el0

RRITE (GvFCO0Q) JeNaPyd
Fr2e

XANI=1.D0

2990

FORMAT {4aMNI =, 15.SK+AHLAMADA

42A0,4410
BRETA{JISDEXP{Y{J Y

ALFALIY={1 .D=Y(U1)eBECTALC D

GANA{ M)=n.DD

7

FXP(Y)

SelPE22.13410X,2220)

84
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FRINTOUTS OF THE EXAMPLE PROBLEMS

APPENDIX E

0C TDOD CORS
PROBLEM FRON KAMKE
NDLM JCASE N
250 3 51
11 TOL RSC
0.0 S+ 0000D=03 1 .00000-02
A -] <
1.0000D GO 0.0 0.0
100092 00 Q.0 Qa0
UNIFORM SPACING COMPUTED
SOLUTION GUESSED
UPDATE 1 as 51
NEw SPACING COMPUTED
UPDATE 2 kL3 T
NEW SPACING COMPUTED
UPDATE 3 2a 51
MENW SPACING COMPUTED
UPDATE 4 41 51
UPDATE S 44 51
CONVERGED SOLUTION
CHExX DE 51 B.T60-L0 0.0 0.0
CHECBN 11 51 51 15 5.010-04%

85

AEDC-TR-7B-58

ARCQOBGT] L0:29 WED MAY 1Cs 1978
NT JOuT LPRNT LMORM
30 1] L 1
u]
0.9
T7+0000D OO
S1  3.560-01 2.31D 1S5 2#.250-01
S1 1.850-01 1300 00 2.920-901
51 3J.4lD-D2 R2.780-01 J.870-02
S1 1.230-03 Ll.490-02 1.280-03
S1 1.250-06 24710-05 1.79D0-086
Q40
S.440=-04 1.280-093 4.82D0+04



AEDC-TR-78-59

pC TOXD
PROBLEMN FRDM KAMKE

sSTo~

LI IRV S IR R

COPS

X

a.0

1.33600-21
2.06080-01
3.06330-01
4.0 2230=-01
4.956560-01
S+8265D-01
D+b3ASD-01
F-37380-01
B.0441D-01
B.6463D0-01
Q.18410-01
9.56250-01
1.0088D 200
1.04560 00
1.28020 00
111030 00
1.1372C Qo
1.16140 00
1 .18320 040
1,20300 040
1222090 0Q
1.23732 00
1.2523D 00
1.26461D 29
1.2787D 00
1.2903D 20
130112 090
1.38112 90
1«3204D DO
1432910 00
L.2372D 00
1.3448> 00
1L.3519D 00
1.35886> Q0
136490 69
1+37090 Q0O
137650 0O
L.3818D QO
1-3869> GO
1239170 G0
139621 90
1240050 00
l«30a470 Q0
1.20862 00
l-8124D Q0
1.41590 0¢
le81%40 00
142270 04
1.22580 00
l.528%90 00

Y

[+ B 4]

1.0393D0-01
Z.08960-01
3.16150-01
4 .2641D-01
Sa4044D-01
6e58365D-01
T.81170-01
F«07360~0)
l.0332D0 Qo0
L.}7190 0O
130830 0Q
La%46B80 00
L«58T71ID 00
1L.72870 ©DQ
lL.8B7140 00
2.01480 DO
2=1568%0 0O
2,320350 DO
2.46850 00
2.59340 04Q
273950 00
2.88550 00
3.0317 00
J«17410 00O
3e3Z241D GO
3477020 €O
361610 0O
J«T7TE£23D 0O
3.93870 00
4.0551D 00
4270160 00
4.,3481D0 00
4.49480 00
4£413D 0D
4.78790 CO
4.93460 00
S+08120 0C
S«22790 0O
S«37480 00
S«52180 00
S5.66850 €O
S«81560 00
S.963220 00
G5.11290 QO
625820 00
E«4055D Q0
G.53320+ 00
L«7015C 0O
6.85030 0D
7-.0000D 0O

ARDODIGTI

P

e 99570~

1a01042
1.04320
1 « 09950
1.1814aD
1.29160
143340
1 609493
182403
2.07790
2437352
CeT1200
3.09390
3451992
3.98%82
450380
SeDGLED
S.66352
5430900
6299862
TaT3210
B.50960
Ge3312D
LeOL1972
111070
120572
1.30a90
1 +4 085D
leSload
l1.62880
174550
1 86653
1.99192
24121860
2425560
2.39390
2.5366D
2468350
2.8249D
2+99062
2+1506D
3.3153)
3+4844D
3.6582D
2037
401300
4220570
4.39722
459392
4 47957D
S5.00320

o4

19:2%

YPp
0.0

2.09973~

al

4..3589D-01

€«3507D~

1.C07232
1.39582
188792
2451490
3.31150
4231462
Se5631D
T+ 09690
B4+9542D
1211750
1.3798D
1«6 862D
2+08040
2e4 463D
2+2077D
3.4287)
4.01310
4.664TH
5.34770
6.18600
706350
8.02000
Q06090
l.01%92D0
l«14l70
1.27400
1.31640
1+35694D
1.73320
190840
2.095%1)
229370
2+5049D
2.7288D
2.9659D
3« 2166D
3.48130
3476090
4.05530
4436562
4.0920D
5+0334D
S+3913D
S+ 76670
6.161400
6457450
T.0089D0

86

01

YWED HAY 10.

1

0.0

S5437403-03
2+137T0-02
e TES20-02
84356302
1.28170-01
1.80233-01
2+ 38260-01
3.2065D~01
3.565780-01
4.32230-01
4.928852=-01
S«.64482-01
6.29122-01
691 732=-01
T»52240-01
8+10B20-21
B.66T4=-01
9. 2067T0-01
F.T24023=-01
1.02233 o¢
107020 00
1.11622 00
116060 00
1.20330 00
1+24432 00
128383 50
1.32190 20
1.3588% 00
139460 00
142910 20
leaaB260 040
1449510 00
1.52660 00
1155720 Q0
1.SB700 00
le&51590 Q0
l«6E4402 A0
l1a&T7153 10
1.649820 Q0
1.72820 QO
174972 20
1.77450 00
1.79290 00
1.8227D 0O
1«3a4590 oo
1868560 00
L.A%0BD 20
LeD1270 OO
1923420 HO
1,95530 00

1978

H
1.0360~01
1-025D=-01
1.003D~01
94690002
Y 2440-02
B8.6980-02
Ba0781-D2
Pubi0D-22
G.T020=-02
teD220-02
Sa3780-02
8. 7840~-02
4.2520-02
3.7790-02
3«3650-02
3.3050-02
2+6920=-22
2+4190-02
2+1820-02
1L+9T6D-02
1. T960-02
1.5380=-02
1+4990=-22
|+376D-02
L.2620=-02
1.163D=-02
1-0T80-02
1.0010=-02
9.314D~013
8.6850-03
Halab6D=-03
T+50DD-03
T+1320-03
6. T010=-03
6+.3070-01
5952003
S«5190-03
Se318D~-03
S«2aLD~03
4. 783D0-03
4.550D-03
443250=-23
4.1320-03
3.7430-D3
3.7510-023
3.584D0-03
3,4340-03
3.3000-23
321T1D=-D3
3.0560-02

5
9.893-01
9. 7BL=-01
GeBTD-01
F+530-01
P«410-01
F.28D-01
16001
PFe05I=-01
B8.98D~01
B.933-01
B8.892-01
8.893-01
B«892-01
8.913=-01
B.93D-01
B8+496D=01
8.990-01
FaD23-01
9+ 063=-01
2.092-C1
2.12D-01
P=152-01
29.18D0-01
F«173-Q1
F.220-01
Fe262-01
94292-01
9+310-01
Fe322-01
9+352-01
S.360-01
9.390-01
9+390-01
FedlD=-01
F:443-01
P8442-01
Peb6D-D2
9+482-01
F2493-01
9+510-01
$:510-01
9:540-01
9.540-01
2-.5319-01
9. 560=-01
9.5B80-01
Se6LD=-0Q1L
P.410-01
F.640-01



AEDC-TR-78-59

OC TODD CDPS ARQD 0340 13:38 MON AUG 07, 1973
EXAMPLE 2 FALKMER-SKAN EQUATION
K ~0+ 19884 -—Qul800D 0.9 0.30000 100000 2,00000 10.00000
Fo D20 Ds.12864 Qu 46960 D TTATE 1.23259 158722 3.567523
x Y (X) CORRESPONDING TO ABOVYE K VALUES

1 0.0 0.0 [+ 29 0.0 0.9 0.0 0.0 0.0

2 0.1 0. 00099 001376 De 4696 0.07597 Q.11826 B« 15876 031843
3 De2 0.00398 Gs 02933 0. 09391 Qe l4894 O« 22661 0. 29724 Q54730
4 0.3 0. 00895 O« 02668 0. 14081 0.21886 0432524 Owd 1354 0.TOAGE
5 Oud 9.915%1 0406582 Qe+ 18TEY 0.285569 Qedl1 4456 D521 020 081043
6 05 0= 02485 J. 08673 Da23422 Q. 324938 O« 43455 050954 D.B87954
T [+ Y. ] 0.03578 0.10937 0.28058 04 40988 Qe 56628 058343 0.92414
8 0.7 Qe 08868 0. 13373 0.32653 Qed&TLI D62 98856 D.T4A%E 0.95259
9 0.8 0« 06355 Qe L5975 0.37196 0.52107 O+ 53594 0.79587 Q.9T0S7
114 0.9 0. 08038 0.18737 D+41672 Q.57167 0. 73508 0.83T76T a.98185
11 1.0 Ce 09913 Qs 21 £51 0.,45063 0.51890 0.77787 D.87172 O«.988838
12 1.2 Gs10232 027899 0.54525 fa.TO322 0.84567 DnQ2142 0.9959]
13 1.8 Q. 19278 034622 0,4243%9 Qe TTH2S 0. 89681 De95308 0.998586
143 [ Y -] Qe 24982 0.2169] 0. 69670 0.83254 0.9323% De 97269 D« 99957
13 1.8 d.31271 G.48946 076106 0.87906 Qe 95683 D.98852 0.9%598
16 2.0 G, 38026 0=56205 . 81 569 0.915069 Q972322 0991485 D+99999
| 4 2.2 0. 45097 Qe 63269 D+86330 Qe 94211 098385 0.99542 L-00000
18 204 ¢.52308 Qe 69342 Da90107 CePELT73 O 99055 T 99761 100000
19 246 0=59460 076 048 0. 93060 Qe 9T548 Du Q9453 0.998T9 1.00000
20 2+8 D2 66348 Q. 81449 0= 952488 D«9B48D Qe 9ITOS Dx 99940 1+00000
21 3.0 Q72776 0+ 86061 0.96905 Q. 99088 0.99842 Qe 99972 1003000
22 3.2 0. TE578 Qe 89853 0.93037 Q- 99471 0.99919 0« 99087 1« 00000
23 d.4 083635 0.92854 0+98797 Q. 99704 0+ 99959 099995 l«00000
24 3.6 d.ataaz 0.95138 2.99289 0. 90840 0e 29980 0. %9992 1.94000
25 Ja8 Ds 91315 Qe 96805 Ue 99594 0.99%916 Qe 99991 0.99999 100000
26 4. 0 0« 93982 3 9TSTS C. 99777 Q- 90958 0490995 1.00000 1.00000
27 4.5 Do 97940 0.99449 T« 99957 Cs 99994 0. 99999 1.00000 L.00000
28 5.0 D+ 99439 Js 999097 0= 99994 Ca 99999 1+ 00000 1.0Q0000 1.00000
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AEDC-TR-7B-b9

DC TOGD CoPs
EXAMPLE 2

K = =0.19E884
N JCASE N
250 ] 51
11 TOL RSC
Du0 S»00000-04 | «00000-02
A B <
1La00CAD 00 D0 Qa0
100400 00 0a0 Q.0
UNIFORM SPACING COMPUTED
UPDATE 1 ] 1
HEW SPACLING COMPUTED
UPDATE 2 i1 )
NEW SFACING COMRUTED
WPDATE 3 14 20
NEw SPACING COMPUTED
UPDATE 4 16 23
NEW SPACING COMPUTED
UPDATE 5 16 23
MNEW SPACING COMPUTED
UPDATE L] L5 23
NEW SPACING COMPUTED
UPDATE 7 16 23
UPDATE & (4] 23
UPDATE < 16 23
UPDATE 10 16 23
UPDATE 11 16 23
CONVERGED SOLUTION
CHEKDE 16 1.45%0-06 0.0 0.0
CHEX BM 2 Q Q Q  Te59D-02

SOLUTION wRITYTEN ON UNTT 20

ARDO Q3G 13:38 MON AUG 7. 1978
FALKNER-SKAN EQUATION
NT JOuUT LPRNT LNORM
30 20 1] |
D
CW0
1.00000 0Q
41 5.730-0ft 8.81D-01 1.040-01
Sl 2.690-01 4.41D-01 7.670-D2
51 1.390-01L 2.23D-01 S.140-02
51 6.970-02 1.15D-01 3.050-02
31 J3+.47TD-02 S.520-02 L.84D-02
31 La74D-02 2,730-02 8.380-03
5k B.650-03 1.38D-02 4,210-03
51  3.2B0-03 64.75D0-03 2.090-03
51 2.050-02 34230-03 1.000-03
S1 B.7ID-04 1,.37D-D3 4.270-D4
S1 2.450-04 3.860~D4 1.20D-D4
Qa0
T« 190-04 0aq 0.0
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DC TODD COPS

EXAMPLE 2
K = =0.18000
NDI M JCASE
254 2
11 TOL
0.0 S+00000-04
A a8
100000 00 OO
1.00000 Q8 Q.0

UNEFORM SPACING COMPUTED

UPDATE 1
NEW SPACING COMPUTED
UPDATE 2
NEW SPACIHG COMPUTED
UPDATE 3
NEW SPACING COMPUTED
UPDATE Fy
NEW SPACING COMPUTED
VRLCATE ]
UPOATE &

CONYERGED SOLUTION

CHEKDE 51 1.370-09

CHEX.BM 2a o ¢

N
51
RSC
1.00000-02
[+
0«0
q.0
S 1
12 6
16 23
1a 26
19 27
19 28
Ja.0 0.0
0 1e.160-03

SOLUTION WRITTEN ON UNIT 20

ARDQ Q346 t3:34 MON AUG O7. 1978
FALKHER~SKAN EQUATLON
NT JOUT LEANT LNORM
30 20 ] 1
[+]
Q.0
1«0000D Q0
44 S+64D-01 8.73D-01 1417D-01
S1  2.450-01 4.05D0-01 B.100-02
51 9«82D0-02 1.61D-01 #.190-02
51 2.090-02 3.590-02 1.05D-D2
=3 la020-03 1.68D0-03 S5+55D-0%
Sl 2.51D-0&6 3.85D-0Q56 1.30D-06
0.0
5.40D+-05 0,0 Q.0
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AEDC-TR-78-50

DC FODD CDPS

EXAMPLE 2
K = 0.0
NDIM JCASE
250 2 9
11 TOL R3
Cw0 S-0000D=04 1«0
A 8 c
1003000 00 0.0 Qa0
1.0300D 00 D0 3.0

UNIFORM SPACING COMPUTED

UBCATE 1 5
MEN SPACING COMPUTED
UPDATE 2 12
NEY SPACING COMPUTED
UPCATE 3 17
NEW SPACING COMPUTED
LUPDATE & 20

CONYERGED SOLUTION

CHEXDE 31 2.210=-06& D.O

CHEX BM 3 Q Q °

SOLUTION wWRITTEN COMN UNIT 20

[
aQon-02

23

26

Q.0

&, 370~-05

ARODO246 13:38 HON AUG 07, L9780
FALKENER=-SKAN EQUATION
NT JouT LPRNT LNOR M
3aQ 20 -] 1
o
Qa0
1-Q000D 00
47 4.8(D-0L B8.04D-01 1.020-01
51 1.240—-01 2.08D-01 &#.)180-02
51 1.26D0-02 1.88D-02 S.110-03
51 L+32D-C4 1.98D-08 5.950-05
%20
3+120-05 0.0 Qa0
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DC TCDD CDPS
EXNAMPLE 2
K = 0.30000
NDI M JCASE N
aso 4 Sl
I TOL RSC
Gal 5-0‘00013—0‘ 1.00000-02
A 8
1.00000 00 Q.0 0.0
L=0Q00D 00 0.0 A0
UNLFORM SPACING COMPUTED
UPDATE 1 S 1
NEW SPACING COMPUTED
UPDATE 2 12 3
NHEW SPACING COMPUTED
URPDATE 3 1 1.3 8
UPDATE 4 29 27
CONVERGED SDLUTION
CHEXDE S8 6.07T0-D9 0,0 a0
CHEX B™ 2 4] Q 0 Ga.26D-09
SOLUTION WRITTEN ON UNIT 20

91

ARDD 0346 13:38 MOM ALUG 0T. 1978
FALKNER-SKAN EQUATION
NT JOUT LERNT LNORMN
30 20 ] 1
o)
0.0
1.080000 00
458 3.91D0-M Tal73~-031 A.300-02
51 S5.99D-02 B.620-02 IQ?QD-UZ
Sl 2«03D-03 1.920-03 @.05D-04
§1 2.430-06 2270056 1.07D-068
0.0
3. 88D-08& 0.0 0.0
)
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DC TODD CO?sS ARDD Q3456 13:38 MON AUG 0Ty 1978
EXAMPLE 2 FALKNER=-SKAN EQUATION '

K = 1.00000

MDiM JLASE N NT JOUT LPRMNT LMOAM
250 5 51 3n 20 a 1
I ToL RSC
J.0 S5.00000-04 1 .00000=-02
A 8 c o
1-0000> 00 Q.0 040 0.0
1.0000D 00 ©.C 9.0 1.00000 00
UNIFORM SPACING COMPUTED
UPDATE 1 5 1 T 44 2.690-01 5.T50-01 S.46D-02
NEW SPACING COMPUTED
UPDATE 2 1 I S1 2.160-02 3.2B80-02 56,550-03
NEW SPAC ING COMPUTED
UPDATE a 14 1 51 1.92D-04 1.850-04 7.03D-05
COWVERGED SOLUTION
CHEKDE 51 3.120-06 0.0 0.0 6.0
CHE<EM 2 0 0 G 4.62D-05 1,09D-05 0.0 Ou0

SOLUTEON WRITTEN DN UNIT 20
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QC TO2D CODPS
EXAMPLE 2
X = 2: 90000
NOI M JCASE N
250 L 51
11 TOL RSC
0.0 5.0000D-04 ].0000D=-02
A B <
1.,00000 00 (,0 Q.0
1.00000 Q0 0G0 JeD
UKRIFORN SPACING COMPUTED
UPDATE 1 ] 1
HEW SPACING COMPUTED
UPDATE 2 10 2
UBDATF 3 ta ]
CONVERGED SO0LUTION
CHEXDE 51 3.420-08 0.0 0.0
CHEKBM 2 o 43 0 2.42D-05

SOLUTION WRITTEN ON LUNIT 20

93

ARDO D346 13:38 MON AUG 0T, 1278
FALKNER-SKAN EQUATION
NT JouT LPRNT LNORM
3o 20 [+ 1
D
Da0
1.0D000D0 00
39 1.710-01 4.30D=-01 3.460-02
51 7.950-03 1.250-02 2.220~03
S1 2.210=-05 2.390-05 T.330-056
-
0.0
1.830-05 0.0 [ Y-

AEDC-TR-78-59



AEDC-TR-78-69

DC TO0D  COPS
EXAMPLE 2?2

K & 1D.00830
NOI M JCASE N
250 T S1
[ 3} TOL RSC
Qa0 5.00000-D& 1.00000-02
A 8 c
L-09D00 00 Q.0 [y ]
L.00000 QO3 0.0 Os

UNIFORM SPACING COMPUTEDR

UPDATE 1 T
NEW SPACING COMPUTED

UPDATE F4 14
USDATE 3 15

CONVERGED SOLUTION

CHEK DE S 12940-0B G0

CHEXBN 15 o [} v}
SOLUTION WRITTEN ON UNIT 20

STGP

s P

1.510—-04

AROD Q0345 11:38 MON AUG 07, 1974
FALKNER=SKAN EQUATIOM
MT JOUT LPRNT LMDAM
3o 20 a 1
]
Q.0
1+.00000 0O
S1 1.180-01 2.31D=-D01 3.61D-02
Sl 5.000-33 5.240-03 L.390-03
51 8.890-06 T.B86D-D& 2.480-06
D40
2.530—95 (.0 Dt

94



pPC TODD COPS

ARCO 0% E 13242 MON AUG Q7. 1978
EXAMP_E 13 VISCOELASTIC FLUID
K = 1.0000D-03 LAMBDA = 1.0010D 00
HDI M JCASE M NT JOUY LPRNT LNORM
259 1 51 30 o } 1
Il TOL RSC
G0 S+0000D=04a 1.00000-02
A a8 = D
1+00002 00 0.0 Qa0 1.00100 00
1400000 00 Q40 00 T«20000 040
UNIFORM SPACING COMPUTED
UPRDATE L S1 i 1 100D 00 2.000 00 1.00D 0D
NEW SPACING COMPUTED
UPDATE 2 51 ia 38 Se14D-04 3.030-03 1492D-D5
UBDATE 3 o o O 0.0 O 0 T+0
CONVERGED SOLUTION
CHEKDE 18 1.810-t2 0.9 0.0 T«000 00
CHEK BM 51 S0 51 S50 1.29Dp-03 1.030-03 2.580-01 1.800-0%

95
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AEDC-TR-78-59

oC roop
EXAMPLE

TR ~NTW P LN -

cpes

x
Q.0
t+82820-C1
3.7691D-01
S.83710-01
8a.01380-01
1.02%8D
1.2500D
L .a5e?D
a7 3620
1.9775D
221530
2246300
700D
Z2#9504D
al 880
d.4 338D
348270
3.32680
4.1712D
4ah]5aD
240570
490400
S.1482D0
S5«39250
S.6 3630
S«.88110
G.12530
6.36960
€.51390
6 .0582D
7.1025>
7T+30670
T+5910D
7.83530
8.0796D
B.32380
B.564812
B.81240
Q.05670
G-30100
9.54520
2 .7895D
1.00340
1.02T76D
1.05220
10T 70
1.10110
112550
1-145950
117340
1.19880

Y
100100 0O
8.,33980-0C1
6.86390~-01
S.581 0D=-01
3 ,48760-01
3+575910-01
2+83520-01
2.,2382D-Q1
1.7600D—01
1.3835D-01
1.0841D-01
B.5134D=-02
66560002
5.2309D-07
4,07960-02
3-.21410=-02
Z2249080-02
1.97710=02
1.S2a90~02
12192D-0G2
9.27380—03
T+5544D-02
5.60610-03
8722 1U=N3
3+35315D-03
Z.9988D0-03
1.93830-01
1.95¥7D=-03
1.06120~03
1+3371D-03
Sa08100-04
G t7250~04%
1.40370-C4
7.8028D-04
—-1:08120-04
& .86310-04
-2489750-04
G«&0G ID~C4A
—a.34900~-0a
S5.81190-04
—S.EZ6ED-04
7.35250-04a
~&.8568D-04
a.L&28BD~Da
=8.1248D0-0D4
9.21090-0D%
-9.493160-04
104880~ 3
~1.,10130~-03
1.23010-03
—L«27930=03

AROZO345
vISCOELA

YP
=1400200 0O
=B.34B10=01
=-6,87090-01
=5.58650-01
—4.49223-01
-3.58280—-01
=-2.83810—01
—2.24030-01
~1:70180-01
-1.38480-01
-1.08530-01
=-8.52080-02
=L 6630~ 02
-5,2348D-02
-4,08510-02
-3.21500-02
=2 .5005D0-02
~1+927730-02
-1.52830=-02
-1a.21850-02
-9,.30890-903
=7493950-03
=5:635600-03
=-4.7008D~03
=-3«3728D-03
~2.97190=03
=19724D—03
—1+9252D-03
=1 -09%20-03
-1.298600-03
—5«47130=-04
—9.3261D0-04
—1.B9450=04
—T7.28540-08

53191 20—086
~B 2737004
2.2527M-04
—5.92042-04
J«H0702-N4
—-&.01850-04
4, TT40D=-04
=& «% IBYD-04
5.8757D0-04
~7-1112D0-04
49960004
~8.00051=04
B.t947D=04
=9 .0343D-04a
Y.2186D0—04
-1.03970-03
1+0217TD=-03

13342
ST1C FLUIG

YPP
1.000823 0O
B.304423-Q1L
&+93660-01
S5.53143-01
4.56430=-9]
3.5145D-01
2.91920-011
2:15890-C1
1:85390-01
1.289aD=-01
1.19050=-01
T«41270-02
7.86990-02
J.9538D0-02
5.46980=02
1.73830-02
4.09240=-02
Z+7T4980-03
3.35850-02

=T441900-03
J+0363D0-02

-1.50290-902
2=9861D0=-02

—2212750-02
3412480-02

=2:6925D-02
3.4050D0=-02

-3.2483D0-Q2
A.B015D-02

=3.83000-02
4.30300-0D2

-4 446400-02
4 ,.,90800-02

-5.1718D-02
S5.624%2D=-D2

~S.97310-C2
b.45250~02

-6+.88700-02
F-81560-02

~7493380D-02
B845279D~0D2

-9.1353D0=-02
Q«8104D0-02

=1.0516D-01
1«12488D0-01

=1+2104D~01
1.2989D-01
~l«39310=-01
1.49470=C1
=1.6038D-01
2.5753D-01

96

MON AUG BT

1

Q.0

1:,66900-01
3.14280-01
4.4251D0-01
S+51660-01
G+42510-01
Tel6T23=D1
T+TE4BD-01
H.24130-01%
8.5618T73=-01
B.31630-01
PF415080~-01
9.33a33-01
Q.47B850-01
55915001
2.580i10-01
D.74750-01
9.8p383~-01
B.84564D~01
P.87973=-91
Qa%0580-01
D.52630-01
P.P4230-01
$9+95430-01
9.96360-01
957233=-01
Q.FT33I0-01
D FEILO-01
Q.38670-01
P.98370-01
P.33130-01
S«99370-01
2.29580-01
F.99620-01
FeIFFTOD-01
PaIPTFTD-01
FeFF812-01
S.9986D-01
F49969D-01
FaFIY2D-01
F»9I23ID=-01
F=9995D-01
F+99960-01
F.99982-01
2.999TD-01
9.9999D-01
2.99948D-01
L=00000 00
9,999390-C1L
1.00000 o
1.00003 00

14743

H
1.824D0-01
le9850-D1
2.06BD-0)
2. 1TTD-01
2+262D0-01
2.3240-01
2.3670=01
24395001
2+413D-D1
2.22a0-321
2+4310-01}
Z423560-01
244380-01
Zas800D-01
Za8210-01
2.,4420=-01
Ze220=01
2.8420-01
Z2+.8%430-01
Ze3030~-01
248030-01
2eb83D-01
Zaa20-01
2.4830-01
2,383D0-01
22443D~-01
2«433D0-01
Ze4830-01
2e%430-01
2a4830-01
244530-01
22843001
2.443D-01
2.4430-01
Z2e4430-01
2.4330=01
2:443D-01
Z.843D-01
2.4430=-01
2eh&3I0-01
24443D-01
2443D-01
2.4430=-01
2.8430=-01
2.423D=01
24.8%3D-01
2.%33D-01
2«4%3D-01
2.483D0-01
2+4%30-01

LeOTD
1,060
105D
1=04D
133>
1.020
laD13
L0100
1.0Q90
1002
10902
100D
la00D
1.303
1+s00D
1.002
1.200
1.002
1-0032
12200
1.002
12000
1+002
12002
1.000
1002
1.000D
1.00D
ia002
1.000
laDOD
F-002
1.000
L.G0D
l1.000
le00OD
1. 00D
1003
13023
1.002
100D
1.900
1=003
1.002
1.302
L.000
1L+.00>
L.200
100D



DC TODOD CDPS

AEDC-TR-78-59

ARDD 0346 13142 NON AUG 07, 1978
EXANPLE 3 VISCOELASTIC FLUID
K = 1.0000D~-02 LAMBDA = 1.01020 00
NDIM JCASE H NT JOUT LPRNT LHORM
254 2 Sl a0 L 1 1
1l TOL RSC
C.0 S«.0000D0-04 1.0000D-02
A & C o
100003 00 0.0 0.0 1.01020 €O
1.0000D0 DA 0,0 Jal T«30000 GO
UNIFORM SPACING COMPUTED
WRDATE 1 11 1 1 1.000 0O 2.020 00 1.000 0OC
NEW SPACING COMPUTED
UPDATE 2 a8 3 3 4,27D=05 2.B2D~04 2.090-056
CONVERGED SOLUTION
CHEKDE 2& B.R6D-13 0.0 0.0 T+00D 00
CHEKBM 2 1 1 T 324750-05 5.630~05 S.630-03 1.070-05

97



AEDC-TR-78-59

DC TOOD
EXAMPLE

Ve~ UEwWN-

copsS

X
0.0
1.7939D0-01
3.7077D~-01
SaTA4520-01
7+8930D-01
101280
L+2428D0
l«47710
1.71a3D
L.95340
219372
2=9347T0
za57620
231750
2135932
3.40190
3464402
2«88610
4.1 263D
4437050
3 =61270
4 « 35490
5.09710
S5«339230
5.5815D
S=82370
6 «DH59D
G.30B1D
©«5503D
6 .79250
T.03470
T+2?769D
751910
T.76130
8.0035D
B.245
B.49T90
8.73010
H.97230
9.2165D
9«4 SLTD
P +696 9D
9.94110
1.01830
1.05260
106680
1.09100D
111520
1.1394D
116370
1.1879D

v
1.01320 00
B8.32800-0]
Gu90600—-01
S.6543D~01
4,.55090~01
3.6315D-01
2.87830-01
2.27210-01
1.7874D—01
1+440430-01
1.,10120-01
B.6370D0=-902
& 7628D=-02
S«3019D0-02
4414800-02
3.25240-02
2.5482T0-02
1.9949D-0G2
1.55810=-02
1d22370-02
9.54500-03
7.50850-03
SeB847D-03
4.60930-03
3.57670—-03
Z2+81160-03
2186 TU—-03
1.74150-03
1.33500—-03
1.07300-C3
8.13120-0a
€ 462820-09
4.9353D-04
4.1110D=4
2«9T7900=-04a
2«S5052D-08
1.7T824D-04
1.6150D-03a
1+0514D-04
103013-04
60558005
& .69280-05
1.3453D-05
4.05920-05
1+7047D—-05
3.06960—05
T.18740=-08&
2»19850-09
1.22960—-06
Lebao7D-0S

0l =2.46900-06

AROQ 0346
VI1SCOELA

b
=1.02060 00
~8.51352-01
=7+ 01 T7A0D=D1
=5.71163-01
~4,59780-01
—3.66822-01
=-2.90810-01
—2.29490-01
-1aA0600—-01
=1 .41830-01
=hlell28D-01
~B.T216D-02
=6 +8353D-02
—5+35262-02
=4 +19326D-02
=3 +28280-02
=2«57170=02
—-2.01220-02
=1.5770D=-02
~1.2334D-02
=9 4+6699D0-03
~7+5584D~-03
~5+9303D0-03
—%.63110-03
=-3.6377TD-013
-2+8368D-03
~2+2321D-03
=1.736%0-03
—L«3703D=-03
=~ 1.0628D-03
=B.4195D~04
~ba49660-04
=5.47920-04
=3.96510-04
=3el9190=-04
=244 1420=Ca
=1«97260-04
=1+4545D~-04
=1+22430-04
=-8,83143-08%
—T+54700~05
—5.27610-05
=-4,82152-05
=3:108483=0%5
=3.0818)-C5
=1.7B060-05
~2+00810-05
—9.76080-06
=1.34310-05
-4 8653006
=1.41580-05

13:472
STIC FLULID

PP
1.0366D0 04
B+55312-01
7.137T0D~-01
SaT2640-01
4.68890~-01
d.406410-Q1
Z2«97900=-01
2.278TD-0C1
1+H6330-01
1439530-0C1
l=l608D-01
B.45610-02
7.25030~-02
5.0727D~02
4,56180-04
d.00030-02
2.9047T0-C2
1.73510=-02
1.88220-D2
9.65260-013
1424950~-02
4.988AD-03
B.56150-03
2.1B270-03
G«0985D-03
5.12510~-0%
4.53010-03

-4 .6421D-05
3.53490D0-03

=1«0185D=-03
2+88210-03

—1..321640=-03
2+83870-03

=1.4594D-03
241285003

~1+50990-03
l«9022D0-03
=1+50560-03
1.7294D-03
=1l+4599D-03
1+59120-03

-1.416380-03
1e97620-03

=1+3548D-D3
1.3771D-03

=1.28900-03
Le2894D-03
~1.2224D-03
l1.21020-03
=1e1&01D-03
1+66270-03

98

“ON AUG 07,
P
0.0 '
Le65750-01

31241001
4.40320-01
S5+404900-01L
G64+40560~-41
Ta15080-01
Te¥3120-901
8.23050-01
8.:61020-01
8. 30970-01
Fel4580-01
92.33043-901}
Q9.47550-01
9.58920-01
2.567830-01
F7581D-01
2.30280-01
F«5456D-01
9.87%1D-01
Q.9054D-01
Fa922590-01
2+3482023-01
F«93446D~-01
GaGL45S0=-01
P.97220-01
S.97320-01
9.98300-01
2«386T2~01
F«9396D-01
9.99190-01
9+99380-01
.9950D-01
P225510-01
4997 00-01
9.2976D0-01
2.99820-01
F«99860-01
9a9989D=-01
9.9392D-01
S«99%4D=-01
S @9953-01
9«99960-01
2.99970-01
Q«9953D-012
S.99990-01
99999001
9«99990-01
1.0000D> OO
L«03000 OO
1L.0000D 330

1973

H
1794D-01
LaP14D-01
2+036D-01
2+.148D-01
2.2350-01
2. 2990-01
2.3430-01
22372001
2.3910-91
244030-01
2ab10D-01
244150-01
2481 30-01
2a%190-21
2.4200-01
2.3210-01
2a8210-01
2.4220~-01
224220-01
24222001
2.4220-01
24922D-01
223220-21
2«4220-01
2.422D0-01
2a4220+31
2e%220-01
Z2e522D-01
2%22D-01
2e«8220-01
224220-01
2.4220-01
224220-01
2+4220-D1
2.4220-01
2e4230-D1
2+422D0-01
2«4220-01
2e4220-0D1
2.4220-01
2+%422D-01
2.322D-01
2.%22D-01
2«%22D-01
24422D-01
2+422D-01
24422D0-01
2+4220-01
2ed22D=01
2.4220-01

5
1072
1« Q62
Ls05D
1+042
La G35
1.02D
1+Q1D
1=010
1+000
1000
1.009%
1.00D
1.00D
1.000
L. Q00
100D
1000
1000
1a Q0D
1«.300
L.00D
100D
1.000
100D
1000
1.00D
1=90D
1.00D
1.000
1-000
1.000
1.00D
100D
1.000
1000
1«00D
1000
l«00D0
1+000
100D
1.000
1.000
1000
1+000
1a000D
1.000
1.000
12002
1,000



DC TODD CDPS AROO D346 L3442 MON AUG OF, 1978
EXAMPLE 3 VISCDELASYIC FLUID
K = 1+00002-01 LAMBDA 1+12700 0Q
HOIM JCASE N HT JOUuY LPRNT LMNORMN
250 3 51 L) & 1 1
1n TaL RS5C
Q.0 S.00D00D-04 | .00000-02
A :] € o
1.0000D Q¢ 0.0 [+] 1+12700 Q9
1.00000 €0 (.0 LS 7+00000 Q9
UNIFORM SPACING CONPUTED
UPDATE 1 a1 1 1 L«020 00 24270 DO 1.00D DO
HEW SPACIMG COMPUTED
UPDATE 2 2 1 S 2.02D-05 S.800-04 A.9TD-06
UPDATE 3 ] o ¢ Q.0 0.0 0.0
CONVERGED S50LUTION
CHEKDE 26  1.250-14 Q.0 0.0 7-040 Q0
CHEX BN 3 1 [} T 2Z24660-05 1467004 LW67D-03 1.%55D-05

95
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AEQC-TR-78-59

oc fOQD
EXAMPLE

StoP

LI BT - U

CDP s

x
040
1+4527D-01
3.0044D-01
4.6 T79ED-0QL
& .4 8]l50-01
824016D-01L
L+080TD
la287aD
1.85850
167240
1.88340
2410550
2,32380
2458170
276040
2437220
3.1982D
A.341720
A.53620
3.85530
4.03744D
%.29350
4451260
4+T731TD
3 .9508D
5.1 6990
5«3 8900
560810
S5.82720
6.0 4630
6226540
& +5 08450
6.7036D
6a9 2270
T«1 4180
T.3610D
T.5801D
T«T992D
B.0¥83D
BL.2A740
Baa5650
B46 756D
B8.894TD
9.1138D0
Y3329
9.55200
Q.77TLID
9.99030
1.0209D
1.04280
1-04a8D

¥
1.12700 00
9.5684D-01
B.03320-01
6.65120-01
S.a2B87D-01
4437230-01
3.48770~01
2.7630D-01
2+17810-01
1+71130-01
1.34170-01
1.05030-01
8.21710-02
6.42440-02
5.02120-02
3.92370-02
3.0657D-02
24395 20-02
1.8712D-02
1e46180-02
le1a200-02
8.92110-03
&.96910—-03
544442003
2.25290-03
3.32230-03
2.59530-03
2402 %40-03
L+58380—-03
1+23T20-03
9+6551D-04
Ta55020-08
S.89810-04
4.60TS0—04
3.5993D-04
2.81170-04
2.19650-04
1.7158D-04
1.34040-04
12047 10—-04
841 T960-05
6.38960-05
4.99160-05
3.8994D-05
3.04610-05
2.37960-05
1.85890-05
L.4521D-05
Le1344D-05
8.86150-08
6.92250-06

ARDO D34S
vISCODELA

¥P
—1+27000 OO0
~1.07820 00
=9.05370=-01
~Ta89623-01
~G.11850-01
~4.9278D-0t
~3.93080-01
—3all40D-01
~2.4548—-01
—1.92870-01
—1=51210-01
—1.18393-01
-F.26090-02
~T42408D~-02
-S=65910-02
—% .4222D-02
=3 45520-02
=2.69%aD-02
-2210890-02
=1l+64750-02
=1.28700-02
=1 .0054D-02
=T+85430-03
=6 13570-03
-4.79310-02
~3.74430-03
=2.92500-03
-2+ 2850002
—1.7850D-03
=1.394040—-03
—1.08930-03
=8.50920-Q9a
—GeB3 73004
=5.19270-04
—4 4 05650-048
=3.16890-04
=24 7550-04
=1.93380-0s
=1 e51060~04
=1.18010—~D4
-9.21860-05
=7.20150-05
=5+ 5625T3-05
=4 23947D—-05
=3.43300-05
—-2+%58180-05
=2+09500-05
=1 6 366D=05
~1=2T7T850-05
-9.98730-06
=T7=T79960=06

13242
STIC FLLIED

PP
1.22980 00
1.21392 Q90
1.02050C 04
Bs44983-01
€.89750-01
S5.55500=031
4a43100-01
31.51010-01
2.76690-01
2+1739)-01
1 e70430-01
l.32343D-01
1.04380-01
B.1607D0-02
Ge3733D—-02
4,.98620-92
3.8943D0-02
3.0425D-02
23769002
1.85690-02
1.45060-02
1.13320-02
B.85250-013
Ga91540-03
5.4 0220-023
422020-03
3+296T0-03
2.57530-03
2+01180-03
1+5716D-03
Le227T0-03
$.59060—-0a
T+49200-04
5.8527D-04
4:57200-04
3.57160=04
2.79000-04
2.17950-04
1.70260=-04
13301004
10390004
Bel LEGD-05
6+34060-05
& S95I20~05
3.86930-05
3. 0226005
2.36120=0%
1.8486D0-09
1.44090-05
1=12572-45
8.77030-06

100

MON AUG 07,

|

Qe

15102001
2.87240-01
44 D9B60—-01
S5+18320-01
5e]12060-01
B«90550-01L
7.54860-01
8. 06T5D—01
8.4817D~01
8.80960-01
2+ 06B0D-01
Q+2T100-31
9.43000-01
P+.55450-31
9+65190~-01
Y.72B0D—~01
Q. 7ATSI—01
9.8340D-01
T.8T704D0-01
9.89870-01
Q.92090-01
9.93820-01
9+95180—-01
+962230-01
9+ 9T0&0—~01
F+9T7TAD—-D1
P9.98210-01
S.98600-01L
9.98910~01
9. 991 5D=01
9+9934D-01
9-99480-01
9.996400-01
9.4 99690=01
9. 99750-01
9.99813=-01
9.929850—01
9.996890-01}
9+99910~01
9.99930-01
9.99950-01
9.9996D0-01L
.9597D—-01
99998001
G 99990-01
G+ 29090—31
D+ 99990-01
1+00000 99
1.00000 80
1.00000 90

1978

H
1.4530-021
145520—01
1.6750-01
L+B0OZ2D-A1L
1.9200-31
2.006D-01
2:D6TD-¢1L
2. 110D-01
2.1400-01
2+15%D-D)
2+171D0-31
2.1 T9D=01
2+184D-01
2«18TD=-01
2.1880-01
2-18%9D=-01
2190051
24190001
2+191D=21
2+191D=-01
2.1910-01
2.191D-01
2.191D-01
2+191D0=01
2.191D0~01
22191D0-01
2. 191D0-01
2,191D-01
2-1910-01L
2+191D=01
2+1921D-012
2+101D-01
2:1910-31
24191D-01
2+1910-01
2+1910=-01
2+191LD-31
22192LD-01
2+1910-01
2.191D0-01
2-19210-01
2«1910-01
2+ 1910=01
2«121D-01
2191001
2+191D-01
2.191D=31
2«1910-01
2198001
2+.1910-01

5
L.072
1«080
1.08D
107D
1s0aD
103D
1+020
L0120
101D
1.Q010
1L.00D
1«00
10400
1.000D
1+00D
LaGO2
14000
1000
14003
100D
L= 00D
100D
l«00D
L.00D
L+00D
L300
1.00D
1000
1.00D
100D
1.00D
1.000
1-000
l.00D
1000
1«000
1.000
1.000
1-000
100D
12000
100D
1.00D
100D
1.90D
1.00D
L 00D
L0200
l. 00D



GC TODD COrPs

ARDCO3AG 1345

MON AUG 0T, 1978

EXAMPLE 4 CHEMICAL DISPEARSION
K = 1.¢0000
NOI MW JCASE NT JOUT LPRNT LHORK
250 1 g 24 1 1
It TOL RSC
(XY} 5.,00000-04 1.00000-02
LY B < D
LaQd000l> 00 —-1.,0000D 00 0.0 1.0000D OO
0.0 1.00G00 OG Q.D D0
UNIFORM SPACING COMRPUTED
SOLUTION GUESSED
UPDATE 1 51 H 51 1.23D 00 &.Z30-01 3.33D 0D
NEW SPACIMG COMPUTED
UPDATE 2 51 7 51 4, 040-02 Lu2080~-02 1.4450-02
NEW SPACENG COMPUTED
URDATE 3 51 13 53 1+39D0-05 4.350-06 4.73D-06
CONYERSGED SOLUTION
CHELDQE 39 1.,9%50-12 0.0 S4T2D0=15 2Z.26D-15
CHEK BN L] 0 0 9 S5a07D=08 1.2BD~06 T,.250-07 0.0

SOLUTION WRLTTEN ON UNET 20

101
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AEDC-TR-78-59

DC roppo
EXAMPLE

LBV S - VR

5

CDPS

X

0.0

1.9194D0-02
3.8431D-02
S«7709D=-02
T.70293 =02
F.63890-02
1.15790~-01
1.35232-01
1e54TI0-01
1.74220-01
1+937HD-01
2413370-01¢
2.3300D-01
2,526 6D-01
2«7 226D=-01
2.92100-01
2411870-01
3.31680-01
J.51510~-01
J.F7L390-01
2.91290-D1
2.11220-01
4.,3119D0-01
4.51190~-01
4.T1220-01
3.912T0-01
S.11360-01
5.31480-01
551620-01
$5.7179D-01
S5:+21980-01
641220D0=-01L
6.32450-01
6.45272D-01
&.73010-01
£.93330-01
Tal 3660-01
7T.38020-01
745240D-01
T«7T473D-01
745521D0=01
821564001
S.3608D~0l
B+5654D-al
4.77010-01
8.57450~-01
S.1798D-01
9.384380-01
S«58980-01
Q. 7G4I0-01
100000 00

Y
€a2008D-01
6.1231D0-01
£.05700-01
S5.98700—-01
S.91810-C1
S+65030-0C)
S.7838D-01
S.T1830~01
S5+654 1D—-01
S«52100-01
Sa52910=01
S+a6BAD=-01
S+530900-01
5+350M-01
5.29360-01
S+2378B0-01
S.18320-01
Sel2980-01
5.0778D0-91
Sa02700=-01
4.,9774D-01
Q.9292D-01
4.28230-01%
3 .83670~-01
4.79250-01
4.7496D~01
44.7781D-01
4.66800-01
4 .62930~-01
4.5921D-01
4.55630~01
4,52190-01
444891001
4.45770-01
4.642790=-01
4.39970-0}
4.3731D-0C1
4 +3RBID—-01
4.324 7001
4.30300-01
4,2030D-01
4.264 T0=01
4.26820=-01
4,2335C-01
4,.22070=C1
4.,2097D=01
4.2006D=01
4.19350=01
4.,188330=-01
4.18520—-01
4.18410-01

AROQ D3G6
CHEMICAL

P
-3.799¢0-01
-3.7326D-01
-3.56560-01
-3.5988D-01
-31.53200-01
-3.4652D-01
-3.39850-01
-3.33182-01
~3+206500-01
-3.19820-01
-3.13180-91
—3.06843-01
~2.9974D=-01
-2 .93023-01
-2.86283-01
~2.79520-01
-2.7274D-01
—2465980-01
-2+99100-01
-2.52243=01
~2498534D=01
-2.38a0D0-01
~Z431420-01
-2.24350~-01
-2.17320-01
—2.10190=-01
-2.03600-01
-1.95750=-01
=1.88aaD0-01
-1.81050-01
-1.7359D-01
—Le6805I-01
-1.58420-01
-1.50710-01
~1.42900-01
-1.34993~01
-1.26970-01
~t218Ba30=-01
—1.10590-01
~1.02223=-01
-9.3714D=-02
—8,50753=-C2
—T.b2920~02
-6 ,73560-02
-5,B2670~02
-6,90110-02
-3.95830-02
-2.9976D~02
-2.01820-02
-140193D-02

242612015

13:a5
OISPERSION

YPRP
3.4984D=-01
3.48533-01
3.4732D-G1
3.4622D-01
344523001
3+84435D-01
3.4 3590=01
34 2050-01
3.42420-01
2:342053)-01
3.81790~01
2.41670-01
3481690-01
3.41850-01
J.42160-01
J3.42610-01
3.43230-01
J+44000-01
3.44%40-01
3.4605D-01
3.4734D=-01
3.58810-01
3.50460-01
3+5231D-01
3+54350~-01
JeS66RD=-D1
233505001
J.61730=-01
3.643630-01
3.6776D-01
3.7112D-01
3aT474D=01
3.78600-01L
3.82730-01
3.B8713D-01
AaLB0D-M
3+96760D-01
4.0202D0=-01
4.G7590-01
4.1347D~-01
44196TD~-01
4.26210-C1
4.33140-01
4.80342-01
4.4 795001
4.55940=-01
4 .4320-01
“=73110~01
4.82310-01
4.9194D0-01
S.020iD-01

102
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1.1822D-02
243352D-02
3+5151D-02
4266560002
5.8052D0-02
£.9337T0-D2
8.0516D-02
9.15920-02
L+ 0257301
lLel344D~-01
L+28Z1D-01
1.34890-01
1:454560-01
1455950—01
l.656340-01
17564001
1.86860-31
1.9698D-01
2.-07020-01
2=16980-01
2+26650-01
2=358685D-01
2= 4636D-01
ZeSH01LD-01
Z«53370-01
2«a7507D-01
2+8450D-01
2+93873-01
3.03160-01
3.1240D-01)
J«21582-01
3.30700~at
3.39TTO-01
J+28T7T9>~-01
A«S5TTS50-01
A 6667301
3.,75550-01
3.B4380-01
3.93180-01
2e1953~01
421068001
4+«1938D0-01
4228053-01
3.356710-01
$.45340~-01L
4. 53953-0
4.52550-01
4.71L1LS52-01
4,7974D-0]}
4.8a832D-01

1978

H
l«719D-D2
1.924D0-02
1.3280-02
la932D0~D2
1.236D-02
1.9400-02
Le9440-D2
L-94B0-02
1+9520=-02
1355002
1..959D-02
L.963D-02
1-96TD=-02
1.9700—02
1.97a80-02
1.9770—-02
1.%800-02
l-988D-02
1987002
l.990D~D2
1.994D-02
1.8%70-02
2.000D-D2
2.0030-02
2.0000-02
2.009D-02
2.011D=-02
2a.01a0-02
2.017TD=-02
2+«020D-02
d.0220~-02
2+:0250=-02
24027002
22029D-02
2+.032D-02
2.033D-02
2«0360-02
2+0380-02
2+0800-022
2.041D=02
2.0430-02
2+084D-02
240460-02
2« 0470-02
2.0880~-02
220430-02
2«G500-02
2.0500-02
2+0310-02
200510-02

5
10023
1=00D
100D
1.00D
1« 000
1. 00D
100D
1.000
1.000
1.002
1L.000
L.00D
L+00D
1-000
1.00D
12002
1.000
1.000
1.002
100D
1. 002
1.00>
1.000
1. 00D
100D
1002
ls 00X
100D
1.003
100D
1-000
1.00D
1.002
L. 000
100D
1003
1«00D
1000
1000
1000
1000
120D
1.00D
12002
L.D03
1.000
100D
1+000
100D



DC TODD CDRS

EXAMPLE 4
K = Q. 10000
MOIM JCASE
250 2?2
Il TOL
[ F% ] S«00000-08
L B
100000 00 —1.00000-31
Da0 1.00000 0D

UNIFORM SPACING COMPUTED

SOLUTILON GUESSED

UPDATE 1
HEYW SPACLNG COMPUTED
WUPDATE 2

CONVERGED SOLUTION
CHEL DE 32 3.730-98 O
CHEX BM Q 9 ]

S UTION WRITTEN ON UNIET

ARDQD O3AS L3245
CHEMICAL DISPERSLIDN

KON AUG QT 1978

N NT JOUT LPRNTY LNDRM
51 30 24 1 1
RSC
1.0000D0-02
€ o
0.0 1.00000 GO
Q0 Q.0
1% 1 St 1-34D-01 3.74D-01 B8.37D-02

so 11 S1  2e.710-04

«0 J+610-16 L.EID~16
9 4.7T90~08 6.34D=07 4.408D-05

20

103

31.750-08 2.09D-04

0«0

AEDC-TR-78-59



AEDC-TR-TB-59

oL 1aDo
EXAMPLE

O NN R -

LS

CDPS

X

[« Y]

1.70060-02
3.4 )1390=-02
S.14000-02
&.87880-02
B.63040-02
1.0393D-01
1.21720-01
1.39630-01
1+57680-01
J 7585001
1.54150-01
2a212580~01
2.31130~-C1
2.89810-01
2.5685610-01
2.A753D-%1
J.06580-01
d.25TE50—-D1
J.450423-01
3.54480-01
3.83971T0-01
4,23610-01
4.,2337TD-01
4 .43230-0)
3.,63213-01
%.683300~01
5.03500-01
5.23810-01
S.44220-01
545 4T730-01
5+B5350-01
b6:+060TD-01
6.26B90-01
6:4TBLD-01
5.58830-01
GB9960-01
712190021
T+32520-01
T+53980-01
TeTS580-01
T+97231-01
8.19050-01
B4 101D=-0Q1
B+63150-01
B.B85460-01
9.0T963—01
9.306T>-01
P.53600-01
9.7673D-01
1..10000 00

¥
9,054 10—01
8.89450-01
8+736a0-01
8457980-01
Bed287C-01
Be2711D-01
Be11900—01
7.96850-01
7.81950-01
7+6T190-01
7.5260D-01
7.38170-01
7.23900-01
7.09800~-01
6.95870-01
6.82110-01
5.685a0~01
64551 00-01
£.41850-01
52878001
611588D0-01
6.031&0—01
5.90620-01
5.78260-01
S.66080-01
5454C09D—01
S.42280-01
5.30650—01
S.1931D-01t
5.,07960-01
A.96500-01
4.8603D0-01
4 .75360-01
4.64890-01
4.54620-01
4.4456D-01
8.38720-01
4,25110-01
4.15730-01
4.05620~01
3.97780-01
3.89260-01
3.81080-01
3.73300-01
3.65950-01
3.5924D-01
3.53160-01
3.47930-01
3.4378D-01
3.40980-01
3.3995D-01

AROQDIRE

1385

CHEMICAL DISPERSION

hiod
—9.45%3D-01
-9 .3062D0~01
=9.15000-01
=-8.9970D-01
—-H.84500-01
-8.69420-01
—8.544402-01
-8+39590-0)
-H.24850-01
-8.1022D=-01
=T.95710=-01
=7.81330-01
=-7.67080-01
—T+52960=-01
=7.+38980-01
=T«2513D-01
—T+11a1D-0}
-6.97840=-01
—6=854300—-01
—6.T1103-01
- 65794001
~6.43920=-01
~6+32030~-01
—6219280-01
—6 . 06660—-01
-5.94156D0-01
=S.81780-01
—S.59500-01
—5.5732D-01
-5.45210-01
=5.,3315D=-01
-5.21100=-01
=5.090aD=01
-4 .9691D~01L
=4 485650-01
-4+ 72170-01
-4.5937D~01
~4.46120-01
“4$.32240-01
=4.17510-01
=4 20163301
=3 +8425D-01
~3.64870-01
=3 .+42850-0)
=3+1738D0~-01
-2.87360=-01
-2+51370=-0D1
~2=07520-01
=1453330-01
—8+56050-02
=1.83010~16

YRR
9.1 8660-01
9.0587D-0]
8.9309D-01
8.8033D0-01
8.6 760D-0L
8.58890-01
Ba42220-01
8.29580-01
8.16990-01t
B.0a&4D=01
7T+91950-01
7.79520-01
7.6717D-01
7+54900-01
Ta42720-01
7.3 D65D-01L
7.1 8690-0L
T.06880-01
€+95213-0%
6.8373D-01
6.7246D-01
6.61430-01
6.50700-01
&.40300-01
&.30320-91)
6.20840-01
641 L9BD-01
6.03820-01
5.96580-01
5.90460-01
S5.8574D0-01
S«B8274D-01
5.81910-01
5.83790-01
S.89100-01
S.98740-01
6.13850-03
6.35920-01
626685D-01
T.09D70-01
T+65743-01
8.4 094D0-012
9+:39980-01
1« 05698
1.23950
146110
L.75020
24127TD
2462110
3.265TD
4.10970

104
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C.0
L.S2620-02

3.0365D-02
4.5309D-02
6.00920-02
Tea714D-02
B.9174D-02
1.034T3-01
Ll 76LD-D1
1.31580-01
1.45390-01
1.59030-01
1.T25aD—01
1.85800-01
1.98930-01
2.11880-m
2.24660-01
2.3727D-D01
2.4970D-D1
2.61950-D1
2.74030-01
2.85930-D1
2.9765D0-01
3.09200-01
3.20570-01
3.31760-01
3.427T0~01
3.53600-01
3.6426D-01
3.TATAD-0OL
3.,85050-0L
3.9518D-01
4,05143=01
4. 16933-01
4,24550-01
4,34000-01
4.83290-01
4.524 1001
4.51380-01
4.TA200=D1
«,78B7D-01
4.87810-01
4.9581D~04
540410001
5.12280-01
5.203TD-01
S5.28380-01
S.38340—01
S.442T0-01
5.52180-01
5.60100-01

1973

H
1.T010O~-D2
L«?13D-D2
1.7260—~02
L.739D-02
1.752D-02
La7650-02
La7770-02
1.791D=-02
L.8050-02
L.31TD-02
i«830D-02
1+843D0-02
1 «8550-02
1.8680-02
1.A80G0-02
1.9920-02
L«9450-02
1.2170-D2
La9200~02
lL«94 1002
1-952D0-0n2
leP04D-D2
Le9706D-02
L.98r0-02
1=998D-02
2.009D-02
2.020D-02
2.030D-02
2+.041D-02
2.051D-02
240620-02
2.0720-02
24082D-02
22092002
2.1020~02
2+1130-02
2+1230-02
24134002
24 1450-02
24 1560~-0D2
2.1590-02
2.1820—-02
2+197D-02
2.213D-02
2.231D0-02
2.2500-02
2.2T1D-02
2.293D-02
2.313D=02
2+32TD-D2

5
1+010D
1.010
L0012
1.010
101D
led13J
1a21D
1012
=010
1.01D
laD13
121D
1.01>
1.010
1=01D
1.012
101D
$.01D
L0140
1.010
101D
1.010
1-4910
1.010
1a01D
1.010
le01D
1010
1.010
1.010
1002
1003
100D
1000
1000
10400
1«01D2
1.01D
1:010
1010
t+01D
1«010
1.010
1«010
1«010
L01D
l=01D
1.01D
101D



0C TOODD (DS

XAMPLE a
= Q.0014Q0
NDI M JCASE
250 3
Il TOL
Q.0 50000004
A B
1+0000D0 00 —1.0000D-03
0.0 1.0000D> DO

AROD 0346 13:45 MOM AUG O7, 1978

CHEMICAL DISPERSION

UHIFDRM SPACING COMPUTED

SOLUTION GUESSED

UPDATE 1

NEW SPACING COMPUTED
UPDATE 2

MEW SPACING COMPUTED
UPDATE 3

HEW SPACING COMPUTED
UPDATE L2

NEwN SPACING COMPUTED
UPDATE E
UPDATE 5
CONVERGED SDLUTION
CHEK DE 10 2.85D-11
CHEZS BM ] a o

N NT JOUT LPRNT LNORN
S1 a0 20 1 1
RSC
1 «0JC0D—-02
C o
Q.0 1.00000 00
D«0 Oe0
51 1 31 4.070-01 8.590-01 1+660-01
51 44 S1  3.400-02 4.320-01 3.480-03
50 47 8] 1+90D-C2 ©6.360-01 3.a400-03
51 a8 St 1.05D0-02 3.99D-01 S«.81D~04
S0 48 51 9.80D-03 3.28D-0! 1.770-03
51 50 Sl G.370-027 4,330-06 S5.50D0-08
0.0 0.0 24490~14%

Q0 2402004 4,210-04 B.TAD-02 0.0

SOLUTION WRITTEN ON UNIT 28
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GC TaoD
EXAMP_E

STOP

LI - T Y U

CDPS

x

0.3

l.67580-02
3a36600-02
5.07480-02
6. 7974D=-02
3.536T0-02
1.,02953-01
te20710=C1
1423B590-401
1.56700~-01
Le7a8213=01
1.9337T0-01
Z2+1150N=-01
2.30710=-01
2+89560-0]
2.68730-01
2«8 7840-01
3.07430-01
3a.26890-01
J.4880D-01
2«bb6330=01
2.8683D-01
4 .06840=01
4.27530-01
4.47780=01
4«68860-01
4-89320-01
S«10430-01
S+3148D0-Q1
Sa9342D-71
S5.74212-01
S.956C00-01
bel1TH7D0-01
b.2034b-01
b.61220-01
& +Ba550=-01
7.05360-01
?.29130-D1
7:39760-01
T«T3880=-01
T+24210-01
81851001
ds38400-01
&40 2570-01
B.B17S0=-01
9.05260-01
S9+23520-01
9.45810-01
9.63040-01
9.8363D-01
100000 0O

Y
9.98870-01
9800 a0=-01
9.61350-01
9.a282D-01
Qu24430-C1
Q.06220-01
d.58130-01
4a.70260=-01
8.52490-01
8.34970~01%
d.175480=-91
d.00390-41
7.83300-01
T+66540=-01
T+49730-01
T.33560-01
TelT7060-01
TaBl18B0~-01
6+£5120-01
EL.69T72D-01
H«34000-01
6439130-01
642372001
6.C9%4D-01
5.94300=01
S«H088D=01
5.605780=0]
52529 10-01
5.48190=-01
S+26190-01
S+11560-01
S.00600-01
4.88960~01
4. TE2G0=01
4.51510-01
4.53430-01
443683 7D—-0L
4.323p0-01
4.1580D0-0¢
2.1324D=-01
3.97120-01
3..956560-01
3.79750=-0Q1
3.8295D-01
3.65190=-01
3+72280-01
35360001
34£4390-01
3.4459D-01
3.58880=-01
3a3T440~-01

AROC D346
CHEM ICAL

YP
—1.1337D
-1.11430
= 1.09490
—1.0762>
~1 405620
-1.03810
-1,01802
-1.0004D
-9,80080-01
-9.63180-01
-9.42610-01
—Qa26610=01
~0.0557D-01
-8.9070D=01
~B.68370-01
=-4.95540=01
-8.3281D0-01
—6.21230-01
-7.9710D-01
~7.87BEI—0}
=7+51800=~0C1
~7.55560-0al
~7.26B90=01
-7.2450D-01
-6.92310-01
—6.94850=-01
-~6.579823-01
—6.66850-01
—£,23800-01
—&+.428CD-01
~5,85650-01
~6+17110-01
—5,554813-01
-5.96300-01
-5.20980-01
—5.79080-01
—4.8610D-G1
-5,66390-01
~4.50780=01
-5,59860-01
-4.13603-01
~5.59843=01
=3« 77150-01
—5.694860-01
-3,37383-41
-5490380-01
~2,9272D0-01
-6.25383-01
~2.37710-01
-6 .7L50D=01

2.48690-14

13:45
DISPERSION

YPP
1.48833 00
£.95453-01
144150 DD
T« 0B89D-01
1.52533 00
5.9813D0-01
1.650340 00O
3.79060-01
1.83040 00
P T7I0ED=-02
2.08310 a0

=2+6T930-01
2+4 315D Q0

=T+45320-01
229051D

=1 436920
354170

-2.18480
a4.389TD

~3225090
S«5101LD

~& 68360
G801

—&He46160
8.89620

~HeB3250D
113790

=1.19230
1+45760

-—1.5947D
1.856710D

-Z24l 18562
2+348860

-2 280040
3.04980

—3.68756)
3.8855D

=4 .8al14D
4 454200

—6 234090
628470

-8.29310
H.0172D

~1.08830
1,0303D

=12481740
1.34190
=-1.85790
1.7868D

=2 .83520

4 ,08030
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1.65810-02
3.298TD=-02
2. 92560—-02
545338002
4.12850-02
9-TO33D-02
l«12650-01
1.28050-C1
124333001
1+58370-01
1+73300-01
1.879%80-01
2.02550—-01
2.16B4D-0D1
2.31060-01
2:089560=-01
2.58810-01
2.72300~-31
2.85790-01
2.98850-01
Aad 1970=01
A.28461D-01
A.3T360-01
a4 IS50-01
F+61930-031
347367D-01
3.85690~01
3.9696D0-01
2.0B530-01
#.59422-01
2.30T752=01
4441040-01
A4.52050-01
3.¢1830-01
4.72510-01
4461 790-01
4.22LaD=-0])
S+00890-01
S«10900-01
5.19L40-01
S«28790-01
5+385300-01
S«45730=-01
S5.5289D0-21
S.6L57D=-01
5.46819D-01
547520D-01
S«8230D-01
548%56D-01
5a93524D-0D1

ie’8

H
l«67T6D~-02
L+590D=02
1L+ TQ9D-02
l.7230-02
LeTA20—02
1.TS50=02
1+776D-02
1.7HBD-D2
1-811D0-02
L«8210-02
1-846D-02
1.8530-02
L=88)D-02
1-8850-22
la9170=-02
L+%156D-02
1+9540-02
1.94860~-02
l.9%1D—-02
1974002
2. 0290-02
2.0010-02
2=05680-22
240250-02
221090~-02
2.0870-02
2.150D0-02
2.0550-02
2al34D-02
2«0780-02
Za2alD-02
242870-02
222870-02
2«.088D-02
2«3330-02
2.-0810-02
24377D-02
2«353D-02
24311D~-02
20 38D=-02
2-8300=-02
1.2880-02
Ze 4l 70-02
l.91L80—-02
2=351L0-02
1.8250~-02
2.2290-02
1.724D-02
2.,060D-02
1.636D-02

5
1.01D
101D
L.01D
Ls0Q1D
101D
l.01D
lLeD1D
1-01D
1+01D
1010
10300
L+ D20
1.000
1.020
. 990-01
1.022 00
F.96D-0D1
1.020 0D
9.912=-01
1,030 00
9.8603-D1
1.030 0O
2.T30=-01
104D 00
9+ T10-01
1050 00
Q.600=-01
10560 00
Gk TD-01L
1.C8D 08O
9.32D-01
110D 00
9.130~01
1.120 00
B8492D-01
1«14D 00
8.680-01
Lal70 00
B.430-01
1.200 Q0
2.+.180=-01
1.220 00
T+930-01
1+23D 00
Ta7T0-01
1.220 30
Te732-01
L«2C3Y 00
Ta943-01



DC TODD CDRS ARDODa
EXAMPLE 5 INHERE
NDIM JCASE N WY
250 1 51 30
11 TOL R5C
0.0 S.00000-04 1| .0000D-02
A =] C D
1.,00000 60 D.0 0.0 1,000
1.00000 00 D.90 0.C 0.0

UNIFORM SPACING COMPUTED

SOLUT ION GUESSED

UFPDATE 1 5 1
NEW SPACING COMPUTED

UPDATE =4 2 1
UPDATE 3 a 0

CONYEARGED SOLUTICH
CHEKDE 45 2.620-12 Q.0 D0

COMPARISON OF SOLUTIOM WITH YABLE IN REF 7

J X YA YB
1 1.0 1.0000 1.0000
2 1.2 071480 Q7140
3 1.4 0.4871 a4 289
4 la8 043145 C«3145
S 1.8 0.1897 Q0«1897
€ 2.0 0.1D39 Cel 3G
7 2,2 D.0475 Q.0476
a 2.4 D.0134 0.0134
9 r 226 -0+ 0055 -D.00%8
1o 2.8 -0.0155 -0.0153
11 Je0 -0.D192 —0+0190
12 J.2 -0,015%2 =-0.819%
17 3.8 ~Q.0181 -0.,0181
14 4.9 -Q.0131 -0,0128
15 S0 —0.0068 —-0s 0068

SOLUTION WRITTEN OM UNIT 20

AEDC-TR-78-59

849 taz12 MON AUG OTe 1978
HNTLY UNSTABLE PROBLENM

J0UT LEeRNT LNORM
20 1 1

oo 20

51 9.200-01 3+86D 16 9.560-01
N,

1 \EQIQD—QQ 2.530-03 b.42D-04
o 0.0 2.0 0.0

DIFF
0.0
C. 000D
0.0002
0,08001
040000
0. 0003 N
~0.0001
-04 0co0
0.0003
~0.3002
-0.0002
©.0003 :
2.0002
-0,0003
—-8. 0000
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oC TODnD
EXAMPLE

sTOP

VD~ AP -

CoPs

x
1.,00040D
1.27€ETN
1.513TD
1.21a80
Z24.1275D
2.5506D
2+987T8D
F.F35320
3. 72290
4411040
4., 42T90D
%.ABE5D
S5« 27300
S,.,£8080
G.%Na81D
6.43570
602320
7+21080
T« 59830
T+9A500
8,.,3734D
4,76140
Q,14B5D
% «53E1D
9.+92370D
L.a3110
106590
1.1086D0
1.1474D
1.1861>
L.224%D
l.2637D
1.320240
1.3a4120
1237990
L.3187D
L.457a0
189520
1.53490
1.573D
1«512aD
14565120
1.69030
172870
1TETSD
1.80620
1« 84500
1-883TD
1.9225D
L«96120
2.00000

Q0
040
1]
09
N9
nn
oo
oo
kL]
[:44)
o0
£0
a9
ao
of
Q9
oo
an
oo
00
a0
a0
0o
oo
af
01
o1
01
o1
o1
a1
g1
o1
o1
o1
01
o1
o1
01
ol
a1
ot
01
o1
[}
a1
01
01
o1
o1
01

Y

1.00000 0Q

S.E6TSI0-01

2.9368D-01

| «8209D-01

S.PEG0-02
-2.8%890-93
-1.,88420-02
-1.8810D-02
~1.5379D-02
—~1¢19100-02
—9:22T8D0-03
=7 2628D0~03
-5.81900-03
=-4.73730-03
-3.91170-03
-3.26B50-03
77599002
-2.35210-01
-2,02120-03
-1.7494D- 02
-1.82510-93
-1,3273-03
-1.17920-D3
—1.03510-083
=0,304670—-04
—B+I236D-04
=7 a247435~008
=& 73604
-&.093150-04
-5.5295D-04
-5.03720-04
-4 453450~04
-4 . 2054D=-04
-3.8590D-04
~3:5897T-08
-3,27260-08
-3.,02360-04
-2.79930-04
=2 «59&86D- 04
~2.4130D-04
=-2+.2345640-02
-2.0%47D-04
~1+9564D-04
-1+8301D-04
-1.71420-04
-1l.60870-08
-1.50830-04
- La42970-04
-1.30280-06
- 1. 39260-04

0.0

ARDOO2BA

1g:12

MON AUG 07,

INHERENTLY UNSTASLE FROBLEM

¥
~1.5797D 00
~1.22E60 OO
-8.59620-01
-5, 05760-01
-2,31340-01
- 7.7838D-02
=1.30470-02
6.7938D-03
. 6575D-03
7.99330-03
Sa9149D-03
4.3177D-0D3
2,20100-03
2,43730-93
1.87670-62
L. 4GATO-03
1.1701D-03
S+242060-048
7« TOESD-D4
£.3536D-04
5,28620-04
944345004
3. 79810-0a
2.18B98D=-04
2.7329D-0a
24+ 3525D=-04
2,0385D-04
1.77360-04
1.5520D-04
1.36330-04
l.20250-04
1.05370-04
9.4616D-05
2.4365D-05
TuS466D—-05
8,77110-05
6209280-05
5,4573D0-05
4. 9730D-05
4.5 095005
4, 0994D-0%
3.73260-05
3,41560-05
3.09110-05
2.9720D-05
2.1561D~-05
44 33900— 05
-5.84990-05
3.81680-04
-1.2817D-D2
S, 7934D-03

vep

1.50000 Q0
1.46870 00

1.28650 04
9.549560-41
5.64560~01
2.61790=01
9.30560-02
2,14150-02
-1.2826D-03
—5.5366D-032
-4.8047D-03
=-31,438BAD=-03
-2+38520-03
-1 .&TTOD-03
—1.20670-81
—B.87940-04
-6.C619D=-04
-5.0831D-0%
—=3.9360D=-0D4
=32 0879D0-04
-2.4579D-04
—1.9660D-04
~1.5921D-0%
-1.3007D-04
-1.0712D-04%
-8.8867D-05
—7.8232D0-05
=6, 24 00D-0%
~5.27640-05
-4.46853D-05
—3.8341D-05
-3.29260-05
-2.84040-05
-2.4608D-0S
-241405D-05
—1.8&630D0-05
=-146378D=-05
-1.4401D-0%
-1.2703D-0S
~1.12450-05
-5,95210-06
-8.9403D-06
=7.66420-06
—B4 1HBTD—06
~1.85710-06
-2.43540-0%

7+ 1766035
-3.20720-D4

1.29200-93
=54 0594003

a4,7619D-02

108
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Q.0

1.9577D=-01
3.33750-01
2.,21250-01
4,6084D-01
4,6B500-01
4,.635T0-01
4.56110-01
4 .99450-01
4,.4419D-01
4.40120-01
A.36940-01
423422001
d¢3229D0-01
3.30720-01
4.29330-01
3 .2817D=-0t
4.27180-01
4.2633D-01
4 .25600-01
42497001
8a2442D-01
4 .23930-01
4.23500=01
4.,2312D-01
4,2278D-D1
4,22470-01
4,22190-01
4,21950-01
4.21720-01
4.21520-01
4.21330-p1
d.21180-01
4.21000-01
4,20860-01
4.20730-01
422861001
4,2049D0-01
a.,20390-01
4,20290-01
2.20200-01
8 .20120-01L
4.20040-01
4,1997D-01
4,19900-01
4.1983D0~01
41977001
4.19T720-01

4:19660-01
421963001
4,.19520-02

1L9T8

H
2.,3670-01
2.,640D-01
Jal410~-01
3.6280-01
3.8310-01
3.872D-01
3.,8750-D1
3.8750-01
3.875D-D1
J.4750-01
J.a75D0-01
3.875D-01
2.47¢D-01
3.,876D-01
J.4760-01
31.8756D-01
3.876D0-01
3:2780-01
3.8760-01
3.876D0-01
376001
3.A76D-01
3.3760-01
3J.3740-01
3.8760-01
3.8760-01
J.2TED-0L
3437ED-01
2.8760-01
3.8750-01
3.8750-01
3.8750-D1
3.8750-D1
A aT5D-01L
2« 8760-01
3.6T6D0-01
3.8760-01
3.8T5D-01%
3+8T60-01
3.8T60-01
3.87T60~01
3.87T60—-01
3.876D0-01
2+.B76D—01
3.876D0—-01
3.8760—D1
2.876D0-01
1.8760-01
J.8260-01
B,A7T60-01

1«120
1190
1.160
1.080
1.910
1.00D
1.000
1000
1.000
1.000D
1.00D
1.000D
1000
1.00D
1000
1.000
1.000
1000
1,000
1.000
1.00D
1.00D
1.000
1.000
1000
130400
1.00D
1.00D
1.000
1.000
1.000
1,000
1.000
1000
1000
1.000
1.000
1.000
1+000
1.000
1.000
1.000
1 .0400
1.900
1.000
1.000
1.000D
1.000
100D



oC TO0D  COPS
EXAMPLE &
K = 10.0
NDIM JLASE N
250 1 51
11 TOL R5C
0.0 S5.00000-04 1,.,0000D-92
A B c
100000 N0 3.0 0.0
100000 Q0 0.0 ¢.0
UNIFORM SPACEING COMPUTED
SOLUTION GUESSED
USDATE 1 a %1
NEM SPACING COMPUTED
JPDATE 2 12 1
CONVERGED SCLUTION
CHEKOE 19 2.410-15 4.0 .0
CHEK BM 12 39 1z 26 2.030-904

SOLUTION WRITTEN ON UNILIT 24

109

ARDOO3 54 19:16 MON AUG D7, 1978
NT JOUT LPRNT LHNORM
30 20 1 1
D
o.o
0.0
Sl S.720-01 1.860D0 01 3.000-01
26 3.560-08 2.15D-04 1.060—04
©.0
J34420-02 2.030-02 3.090-05

AEDC-TR-78-59



AEDC-TR-78-59

ARDODISa

LG
-6.9571D
-9,2057D
-E.E6552D
-8,03170
-7.3365D

0o
L+ =)
[+ L1 ]
oo
oo

ac TODD CDPRS
EXAMPLE
X ¥

1 .0 0.0

?  S5.88200-07 =5.£765D-02
3 1.1T7€4D-17 —1.39580-01
4 1.TEAGN=02 -1.58550-01
5 2.4555D-02 -2.11750-01
& 3,21610=932 ~PL.EATED-11
T 3.97620-02 —Za1244D0-01
8 3.97T7aD-07 —3.E7700=01
9 5.5864D-72 —4.153)0-71
10 7.37290-02 - 4.6R66D-01
11 941177p-02 -2,1797D-01
12 1.1773D-01 =5.60880-21
1T 1.63350-01 -5.626%0-01
18 1.897920-01 —S.22190-01
15 2.2314D-71 —4.7A16D-1
15 2.4516n-01 -4,28510-01
17 2.65650-01 -3.50060-01
18 2.85300-01 -3,312680-01
19 2.049%s8P-01 -2.824an-01
20 3.2a710-01 —-2.22720-D1
At 2.45200-91 -1.852a0=-01
22 3.6659D-0% -1.37370-01
23  2.90930-01 -$.05230-0%
24 4.1829N-01 =4.&17AD=-02
25 4.53050-01 -6,56200-03
26  S.00000=-01 1.34600-02
27 5.,46550-D) -€.6742D-03
28 S5.71710-01 -4.6297D0-%2
29 6.090TD-01 -9.082SD-02
30 6.2301D0-01 -%,17460-01
31 6£.548DD-01 —1.8336D=01
32 £,75249D-01 -2,3I278D-91
33 £,95060-01 -2.B2500-0t
38  7.1460D-01 -3,71327D-01
35 7.34250-81 -2.4009D-01
3£  T.5484D-07 -a,2855D-01
A7 T.7686D-01 =4.7620D-01
38 B.0208D-01 -5.22240-01
IO B,R5690-01 ~5.6PA20-01
AN B.B2270-31 -5.61280-0]
41 9,D8B73-91 -5.18330-01
42 9,2E27N-01 -3.6A560-11
43 9.4018D-71 —-3,15530-31
44 9,.50230-01 -2.£7890-01
45 B9,.£0240-01 =7.17600-01
4&  G.67AAD-01 - 2.8487D-71
47 9.75440-01 -2.1184D-01
43  ©.8235D-01 -1 45871D-01
45 Q.BR2AD-01 = 1.09630-01
50 §49412D-0! -5.567ABD-02
51 1.0000D 00 040

—C£a.61620
=5+ 33930
-5,10820
- 4433830
~-3. 37690 00
—Z2.321450 00
~94E35330-101
T«65420—01
1.5%600 00
2402750
2,283%D
2442110
2.29861D
2.+4922D
2+5432480
24249390
2:9537D
1.81080
1a8204D
. 46870-01
=1+49540-02
~B8.4739D=01
-1.81990 CO
-1«81010
-2.0%300
-2a2%23D
-2.4243D
-2.451 80
-7 .45580
~2+43080D
—Zz+28380
—2.0276D
=1.55620 DO
=7+ T0470~-01
Se£1830-Q1
2.,21800 00
3.38060 0O
4.347240 QO
%«11330 00
Sa %4730 00
E.E2020 09
T«34040 0O
23,0350 06
2.€591D 00
S«.31360 00
1.00010 01

[+ 5]
Qo
ng
al

19118

YPR
1.19740
1.13802D
I «08590
1«02a50
97 236D
.+ 1B450
8.63300
Te9SB70
T.33230
6+ 553230
S5.£818D
458270
2494750
2a 01960
1240350
Fe 27030
S«1aF7D
1+.48749D

~1:84210
-4,92170
=T+ 60990
~1.05080D
—1.20460
=1+5356D
=-1«7383D
-1.8392D
=1 735940
-1.52780
-1+2056D
=1+0517D
-T7.80820
—4.,927%0
~1.84730
1.8B823D
5.547AD
Q. 2EE8D
1.80920
2.01930
2.54&£2D
4.593870
S.67a20
G« T4930
T«32090

Te@5S67D
B.E214D
9.,1682320
Ge ?TE2HD
1.02440
1.,085%0D
L.1401D
119740

110
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[

Qa0
-1.68930—03a
—6.50050C-023
=1.450TC-D3
-2.7338D-03
—4.54830-03
—-£.73530-03
-1.01570~-02
-1.41130-02
-2.02570-02
-2.88790-02
~3432940-02
~5.98000-02
-B.50850-02
~1.N0TOD—A1
—la10&7D-01
-1.1896D-01
-1.253990-01
=-1+319A0-01
-1.3%7080D-01%
-1+41370-21
=L-.a44R80—Q1
=1 +47590-01
=1 ea9440—-01
=L« S0300-D1
=1.49980-01
-1 +49660-01
~1.5053D0—-01
~1.45237D0-01
~1.580490-01
=1.565600~-01
=-1.,5289D0-901
~1.,67390=01
=1273990-01
=1,.,81020-01
-1.89310-01
=-1.99280—41
-2.11890-01
-2,30180-01
-2 +56TO0-01
—2.71130-01
-2.T9750=-01
-2485900-01
—~2+83860-01
-2.9327D~-01
~2.99470-01
-2.97230-01
—-Z.533570-01
-2.99350-01
-2«93850-01
=-3,00020-01

157Ta

H
5.8820-03
5.8820-03
S.3820-03
H.9330-072
7.501D-03
TubOLD-03
1.0010-02
1+0090-02
1:3860-02
1.7400-02
226590-02
4 .6630~02
J.3560-02
2.5230-02
2.2010-02
2.D0490-02
1.975D-02
1+954D-02
le97860-02
2.049D0-02
2el700-02
2a3940-02
2aT360-02
JaaTE0-02
A.6950-02
4.,4950-02
A.8760-D2
2a7M0-02
2e2940-02
2.17D-02
24085002
L.9780-02
1.954D-02
1.975D0-02
2.0490-02
2.2010-92
2«5230-02
3.3560-02
3 46630-32
2e&590-D2
le70DD—02
1.3860-D2
1.9490-02
1.9010-0D2
T+ 501 0-03
T.6010-02
6,913D=-02
5,8820-02
5.8820-03
5.8820-02

5
1.00D
1.000
1.180
1.100C
14000
1.32D
1.01D
1.270
1.260
1.530
1750 00
T«Z2aD—91
7.52D0-01
B.730-01
9u2ID=-01
9.54D-01
S.890-01
1.01D
104D
1.06D
1,100
12140
1270
1350
1.000
T«.400-01
T.87T0-01
B.750-01
9.100-01
Q.400-01
SL550-01
9.880-01L
1.010 00
104D
1.070
1.150
1330
1.390
S.TO0~01
Ge500-01
T.970-01
7.280-01
2,920-01
T «.5890-01
1.9000 00
G .090-01
A.5i0-01
1.00D0 00
1.09C DO



AEDC-TR-78-59

o€ TOOD CDPS ARDOD3 Be 19116 MON aUG 07, 1978
EXAMPLE &
K = 1540
ND 1M JCASE N NT JOouUT LPRNT LNORM
250 2 S1 =0 20 1 1
i Tou R5C
0.0 S.00000-04 1.00000-02
A ] C D
1,00000 00 0.0 0.0 0.0
1.00000 00 0.0 0.0 0.0

UNIFORM 5PACING COMPUTED

SOLUTION GUESSED

UPDATE 1 7 1 51 6,990-01
MNEW SPACING COMPUTED

URDATE -4 L2 1 26 14310-03
UPDATE 3 1] [+] a 0.0

COMYERGED SOLUTICN
CHEKDE ta 2.280-1% Q.0 0.0 d.0
CHEK BM 12 39 12 26 G9.04D-08 1,50D-0Z 2,030-D1

SOLUTION WRITTEW ON UNIT 20

111

1.500 01 3.670-D1

8.86D-04 2.59D-0a
Q.0 0.0

S+55D05



AEDC-TR-78-3%

0oC TODD
EXAMPLE

VDN AL Y-

£oePs

x
Da0

2.62510-32
1.43520~02
1.€27009-02
2,.,57730-12
Ja25750—02
Zu317ED-02
4 ,9008D0-02
S5+B920D-02
T.254080-02
9,05780=02
1.4107D-01
1. 7504D~-01
2.0551N=-61
2.28530-01
2e999lD-01
2+ 7353D-01
2.90950—-01
3a1165D-01
3.33100-01L
2.5567D—81
3.80820-401
4.,10100-01
4.4586D-01
S.0000D-01
S5.53140-01
S.A9%00-01
GaiSlao—ol
6.484130-01
G2 56930-01
6458350-01
T2 b5050-01
TL29A70-01
T«SC090-0al
7.71470-01
T 94490-91
2. 2096D-01
8,.5853I0=-01
G.05420-91
9.2£450~01
Q9.41080-01
Q.5999Dp-D1
246062001
25742001
S9.7423D0-01
9.80730—01
9.8555D—01
99038D-01
9.95180—-01

aRDD0384
Y ¥P
a.0 =1.4991D 01
44B1760-03 ~6.%494—02 -1 ,38500 ¢l
—1232570=-01 =1.27820 01
=1.9271D=01 -1.1783> 01
~Z2+47T16D=01 —-1.0846D 01
~J+138ED-Q1 —-S.6T4TD 0O
—2.7580D-01 -8.5537D 00
~4.7046D-01 —-7.52990 04
=3.,965TN=31 ~6+22890 DQ
~5.52350-01 -%,0504D> 0O
~E«1501D0=-01 =3.5637D DO
=6y, 7T134D-01 ~1.87130 09
-6495280=-91 H.18410—-01
~E£487320-01 1.80960 00
-5.9204D~-01 2,.33110C B0
—5«J4730-01 2,£2580 00
=3.T667D~-01 2.786820 0O
-4:1835D0-01 2.8563D 00
=2.5998D-01 2.847580 OO
=240173D~01 2,7€930 DO
~2+.83720-0t 2.6223D0 DO
—1.85648D=-01 2,a40050 00
=1.70200-01 2,0%09C 00
=T+E3450-02 1.65280 0N
=-2.,60770-02 1.0141D 0D
1.09130=-03 ~1.5840D-~03
=2,.,5203D0-02 ~1.014B0 OO
=T7.3457T0-02 —~1.65150 00O
=1.30390-01 -2.09010 0O
=1 4B6S5D-0% —2,40030 04
~2+43840-01 -2.6220D 0Q
—3.0178D=-01 -2.7592D0 00
=3.60020=-9F ~2.8876D 0O
—4.184QD~0]1 =-2.68565D €0
~4,T&T3D=-01 -2.783TD 00
~5.3480D0-01 -2,62680 00
=5.,9218D0-01 -2,33290 00
—&a4750D0-01 —-1.8135D0 ap
= 6He9594D-01 -Ga4t TOD-01
=-bhe T297D-01 1.87610 00
~Hal630D~-01 3.5846D0 00
~=5.53350-01 S,05950 00
=-3,97380-01 &G.247320 DO
=-%,31100-01 TFeS54730 04
-3.76320-01 A,.5%5705D 00
=3.142680-01 9.6610D0 04
~2.47500-01 1.0862D0 01
=1.9294D-01 1.,1793D 01
=1a33720-01 1.2798D 01
=6+ 95170-02 1.38680 01
0.0 1.5007D ot

1.90000 Q90

19:156

¥Ypp
2e04 74D
2229050
2.128480
2,.,00830
1.881 5D
172390
1+ 57420
1.4386D
1.2679D
1.1150D
9,24910
7a1017D
336640
2.383780
157760
9.98930
S5.32070
1.3614p
=2«13840
~5.3441D0
-8.30&30
-1+ 10800
-1.3&84D
-1+61480
-1.83040
=1+94940
-1.8333p
—1.&173D
=1.3704D
~1.10950
—8,3193D
-5.,3554D
=-2515950
1.34970
S+20720
9.9524a0
157530
2.38350
3.9517D
T+26510
S. 22000
1.11280
1.25610
1443710
1.573t0
1.72300
L.8808D
2.0078D
2+14210
242904D
2444 T4D

112

MON AUG D74

r
0.0
=-1.45%380-04
66055004
—=1+34840-03
-2.50950-03
-4,3381D0-03
—5.5883D-03
—9,43450-01
~1.39080~-02
~1:91160—-02
~2aTEBL0-02
=-4,12690-92
=T« 30BGD-02
-5,91160-02
=-141558D01
-1.28530-01
=1.39350-01
~1.48580-01
-1.58530-01
=1.63270-01
-1.89220-0t
-1.7a110-01
-1.7804D-01
=1.81020~-01
~1.82810-01
-1.83240~01
=1.83570-01
=l+85850-D1
=-1.88340-01
=192330-01
—=1.97270—-01
~2.03120-01
=2409970-D1
-2.17920-01
~Z242T130—D1
~2+37960-01
=2.50950-01
-2.67390-01
-2.93030-01
=3e2531D~01
~3.+38930-01
-3.47510-01
-3.52720-01
~3.57200-01
=3+59950~01
-3.62310-01
-3.64140-01
-3.65200-01
-3.65990-01
-3466480-01
~3.66650-01

1974

H
4.818D0-03
4.,81280-33
4,.818D-03
3.8180—03
5.5020-03
6.68030-03
64+8D030~-02
9.629D0-902
F+.9130-03
le4&30-02
2.1030-02
4.6500-02
3.7970-02
2:84TD-02
2-3020-02
2:1380-02
2,0620~-02
2.0420-02
2:0T00-02
2,1450-02
2.277TD~-02
2.8950-02
2.9270-02
J.677D-02
5.3140-02
5.3140-02
3.6770-02
2eP270-02
2e¢495D-02
24277002
24135D-02
2.0700-02
2.9 420-D2
2« 062D0-02
2+1300-02
24302002
2e647D0-02
B 7970—-02
44 6500-02
22 1030~02
14463002
2.9130-03
95629003
62 8020-023
5.8030-03
Ga5020-03
4.8180-03
44+8180-03
4.8180-03
44+8100-03

5
1.300
1,000
1.40D0
1 +350
1,050
1.000
1.420
1.030
1.480
12440
2.21D

Bal7D-01
S.970-01
8.700-01
Se29D-01
S.64D—01
Qu9l0-D1

1.01D
1.04ap
1.0460
1+100
1s17D
1+260
1.45D
L.00D

o0

6.920-01
T.96P-01
8.520-01
2.130-01
Fe20-01
9+.65D-01
9.870-01

1.01D
104D
1.08D0
1.150
14430
1.220

2.520-01
&« 060-01
S+780~01
SaT10~-01
7+070-01

1.000

[-]-]

9. 560-01
T+410-01

12000
1.000
1.000

00
00
L1



DC TODD CDPS
EXAMPLE &
K = 20 .0
NDTM JCASE N
250 3 51
11 TOL RSC
0.0 5.00000-0& 1,00000-072
A 8 C
1.00000 N0 0.0 0.0
1.00000 00 0.0 0.0
UNIFORM SPACING COMPUTED
SOLUTIDON GUESSED
UPDATE 1 7 1
NEW SPACING COMPUTED
UPDATE 2 12 1
UPDATE 3 o
CONYERGED SOLUTION
CHEKDE 33 8.,020~15% 0.0 0.0

CHEKB# L2 1] 12 26 2.1&D-03

SQLUTION WRITYEN ON UNIT 20

ARODOD A4 19186 MON AUG 07, 1978
NT JouTr LPRNT LNORM
349 20 1 1
o
0.9
0.0
51 7.740-01 2.000 01 &.00D-01
26 24840-03 1.350-02 S.01D-D4
2 0.0 d.0 0.9
0.0
3,.83D0=02 8.650-D1 1.93D-04

113
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AEDC-TR-78-5%

bE TOOD COPS
EXAMPLE &
x

1 DO

2

3 8.2524p-22
4 1,2379D-02
S 1.E5DSD-02
6 2,M933D-"2
T  2.7392D-02
8 2.38030-02
9  a.r3450-02
10 S.06a80—-02
11 6.17830-D7
12 T.96R40-02
13 1,25590-n1
s  1.6%320~D01
15 1.925™T=01
16 2.16320-01
LT 2.28380-01
IR 2,5879D-01
19 2.5086D-01
20 2.02270-01
21 3.2470D-01
22 J.eBasn-nt
23 3.T74500-01
24 4.0465D-01
25  4.4591D-01
26 5.2000D-01
7T 5.570%D-01
28 5.n5350-91
29 6.2550D-01
0 £.51540-01

21 S.75300-01

32 ELJ97530—-01
23 7.19140-01
aa 7«a030D-01
35 7.&1620D-01
6 7T.A36480-01
37 B.NT7aAN=7)
38 8.346AD-01
39 8,7431D-01
40 9.2737Dp-"1
a1 9e38220-01
47  9.49WiIN-
43 9.59650=11
44 Q,66200-01
35 9,12610-01
4¢  9.79)320-91
47 9,8350N=01
4B B9,BT620-%1
49 9,91750-91
S0 9,9587D-01
51 100000 Q3

¥
Qa0

~1.51390-01
- 2«1752N-01
—2.7RAD90D=01
—3.378G60-01
- 4. 13790=01
=8 .79zZan-Mm
—-5.3882D-n1
=€« 107 3ID-01
—EL. 70590 -21
= 7«3325D-71
- 7=T0300-01
=7« 16T7T70-01
-~ £459150-01
=S e%174D-01
—S+27210~-01
=4 4E3050-N]
=T« 59080~ 01
=2.2£050-01
=2+7232D- 71}
—-2.:09070~-01
=1.46970-01
=8,67190-02
—3.16110-02

7.,6750D-05
=2,172¢0=-02
=F.6R0860~02
—1.47Q3D-01
~-Z2.09110~-01
=R2+72260-01
—Z2.35609D0-01
—4.00020-01
~-4,564000-01
-5 .2798D0~-01
-S+518a8D-01
—6H+5532D0-01
=T+tt120~01
=~ T+7182D=-01
~Ted6920~ 72
=-&473210-01
=-€.1282D0-01
=~S5.«384 D=0
-~ .806E0~-01
—4.14820-01
- Je38E6D-T1
—2.7ATOL=-0Q1
~2+17970-401
~1.€1590-9]
—7+9101D=-02

0.0

ARODO3AL

P
~-1.95730 01

Ge1E€E2N=-02 —T.B557D-02 -1.82120 01

=1.6772D 01
=15247D 0!
=1.402%90 01
-l.271900C 0%
—1l«1001D 0Ot
~%.4836D a0
—E. 10910 N0
-6«2421D 00
—4,58540 00
=2.54330 00
Ze8580D-01
1. 968940 Q0
2.31170 02
280570 00
2.5€23D0 DO
J.NZa2D DA
2. 00970 DO
2, 92570 00
2. 77170 08
2.5408D ©Q
2.21770 00
1. 76&1D 002
1405960 00
=1«43280-03
—1.7%99490 09
=1.765%00 0O
~2.2169D 0O
~2.564030 00
=2.77150 00
-2.92570 DO
-2.01010 DO
=3Ze0D24%0 a0
=~2.96250 00
—-2.80780 00
—2«51550 00
=1.9797TD 04Q
=Ca2308D-01
Z«BwTIZ20D ON
4.63520 00
£.25280 00
B. 15500 Q9O
F«S2710 0O
1.10420 01
1e27a80 01
l+ 40670 01
1.53384D0 O
1.A8G6390 N1
1.83490 O}
200150 ot

192186

YRg
4419740
1.88080
2458920
3.22070
31.0732D
2.82680
2.50580
2.23060
1 +9799D
1.6440D
1.76180
9, 94530
4.856800
2,847€6D
1.85190
9.4643D
4.85980
1.031ap

-2.33%4p

=5,42320

-B431360

-1.10600

—1+36760

-1.61580

-1.8400D

~1.97090

—-1.,8486D

=1.61920

-1.37000

-1.1n780

-8,32770

-5.42670

-2.354480
ta0122D
4.83290
9. 42320
145451D
2+8626D
4.6971D
9.8001D
1434110
1.63560
1.97750
2.2254D
2.5057D
2.82370
3.07080
3,3189p
3.588tD
3,.8902D
a.19740

114

NON AUG OT,

1
[« -]
-1 .6525D-0%
~6a82a50-04
=1 +303540-03
—2+42570=-03
-X.B1l04D-03
—6.22580~-03
-3:06410-03
=1.24230-D2
=1.83740-D2
~2,54990-D2
=3.81170=-p2
~T«31730-02
-1.02890-01
=-1.2162D001
=1+3644D=-01
-1.48600-01
~1«5937D=-3 1
—l+6B851D-01
-l.T642D-01
-1.83210-01
=1.5892D-01
-1.+9354D-01
~=1+97%20-01
=1:9921D—01
=1+29810-01
=2.00410-01
=2.:025600~-01
—-2«E09D-01
=2.10710-01
~Ze15420-01
—-2,23200-01
~2a3111l0=-51
=7.840260~01
~2.50830-01
=2+63190-1
=2.73013-01
—2.96750—-01
~3.2650D~01
~3.61690-01
=3.T4270-D1
-3,81520-012
=3.87490-2
=3.90830-01
=1.93T0D=-01
=3.96130-01
~3.97510—01
-3.,9854D~-01
~3.9930D-01
~3.9973D-01
=-3.9934D-01

1978

H
4.1260-03
8.1260-03
4.1260-03
4.1260-02
8.4760-03
6+8110-03
&£.5110-03
6.5020-03
1.034D-02
1«1090-02
1.7900-02
4.5910-02
3.9720-02
2.7250-02
24374D-D2
2.20TD-02
2.1320-02
2.116D-02
2.1500-02
2.233D-02
24376002
2.6040-02
3.0150-02
1,.8260-02
5.7090-02
5.709D-02
31.826D-02
3.015D-02
2.6080-02
2.3760-n2
2.2330-02
2+1500-02
24116002
24132002
2.207D~02
243T40=-02
2.7250-02
3.9730-02
4.,5910-02
1.7900-02
L.1090-b2
1.0340-02
6.5420-D3
6e4110-02
6.411D-03
4.4760-03
4.1260-03
4.126D-03
4.126D-07
4.126D-03

s
1.000
t <000
1.00D
1.080
12430
1.Q40D
1020
1.58D
1.07D
1.610
2. 560
84450-01
6.86D-01
B8.710-01
Sa300-01
Q.66D-01
Q.930-01
1.020
1.04D
106D
1.100
. 160
1.27D
149D
1.90D
&,700-01
7.880-01
d.640-D1%
F+130-01
9+30D-01
F.630-01
9.840~- 01
1.010
1.040
1:080D
1.15D
1a86D
1150
3.930-01
G.200-01
FeI20-01
£.330-01
9.800-01
1000 DO
S4980-01
G.220-01
1.000 o0
1.00D 0D
l.000 oD



DC TODD CDeS ARDDO2 84 19its MOK AUG 07, 1978
EXAMPLE &
K = 25.0
NDIM JCASE N NT JOUT LPANT LHNORM
250 ] .31 n 2o 1 1
11 ToL H5C
Jda0 S5«00000-04% 1.00000~0Q2
A a [ [» ]
1-00000 00 0.0 D.0 0.0
1,800000 DO G0 b.0 0.0 ‘
UNIFORM SPACING COWMPUTED
SOLUTION GUESSED
UPDATE ! 6 1 51 8.220-01 2.51D ©G1 4.200-D1
NEW SPACING COMPUTED
UPDATE 2 12 1 26 1.680-03 2,330-83 5,93D-D4
UPDATE 3 0 -] D 0.0 0.0 D0
CONVERGED SOLUTION
CHEKDE 18 Se370—14 0a0 0D 0.0
CHEXBM 12 11 12 26 2.9TD-03 6.010-02 1.460 00 2.350-04

SOLUTION WRIYTEN ON UMNIT 29
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AEDC-TR-78-59%

o To0D
EXAMPLE

STOP

VB ~N®A D an -

©

coPs
X ¥
.0 [+ %+

F.EG120-00 -RB.ETESD-02
Te2820D-33 ~1.6570D=-21t
1.09240=02 —2.37450-01
1.45£50=12 - 3,.0263D0-01
1sRZOE0-72 =2.£17SD-C)
2.31680-02 - 8,2360D-01
2204120-02 ~S5.1111D~-0}
J+56560-92 =S P61 TD-01
4434090-02 =5.4209D0-01
S.46110-02 -7.13360-01
Ta1484D=02 —~7.7998D=1]

La12GED-Q]L ~8,17760-01
1.53800-01 -7.£0450=-01
1.82730~01 -&.9461D-021

240694091 -6,27320-01
2e20670-Q1 -S.6046D-01
Z2.51710=Q1 ~-4,927SD-01
Ze72610—01 -4.2502D-01
223581001 ~3.5744D-01
3:18770-01 -2.5026D=-01
2,43250~01 ~-2,233WD=-01
3.70180-01 —1.E7210~-01
4+00940-01 -9,3691D-02
4.492aD~-01 -%,4728D-02
50000001 -5+1752D-06&
TL5672D-01 —3.48300-02
S«9Q6D=01 ~Q.37ED~02
&.29820-01 — 1.S7250-01
€uSETED—01 -2,2336D~01
6+8127D0-01 -2.90280-01
7:04190-01 -3.574&0-01

7.2670D-01 -4.2504D-01
7.,4829D~01 -4,32730-01
T.70330-01 -5,5051D- 01
T+93060-01 -6.7800D-01
8.1T270-01 ~&.94T45D-0D1
8+45200-01 ~7,680820-01
8,85340-01 -8.19850-01

9.20520-01 ~7,8454D-01
344539001 ~7.16920-01
9.56590-0% -£,4471D-01
96434001 ~5.78220-01
F+7O059C-01 ~Se1276D-01
Q. T683C-DL ~4,TAASD-0!
S«B1TSD-01 -3.C2T6D~-01
9.,685840—-01 —3.0340D-01
9.890BD~0% -2,36802D-01
.92720-01 ~ 1. £607D-01
F496360-01 -A8,69530~-02
1.00000 00 0.0

ARODO384 19:186
e Yep
-24496%D 01 6.3478D 02
=2,2721D0 01 5.50420 02
=2.06630 0! 5,3083D0 02
~1.8778D 01 4.55550D 02
=1+70500 01 4,5420D 02
~1.54E60 01 4.16450 Oz
-1.3517D 0@ 3.7023D 02
~1+1368D0 0f 2,19630 02
=9.51100 90 2.76330 Oz
~7.53%200 06 2.3115D 02
=S5.26570 D0 1.79520 92
~2+79970 OO 1.24290 032
€.19860-01  5.10820 01
2.06750 00 P.43000 01
2.6029D 0O 1.4651D 01
2.80620 OD 8,B5310 00
3.03500 00 4.58220 QO
3.7938D Q0 9.56630-01
3,0801D0 &9 -2.2401D QO
2.99690 00 -5.21270 a0
2.6443D 00 —-B.Q431D 20
2.61310 00 -1.07890 a1
2.28570 Q4 -1.34560 01
1.8311ID €0 —1.59670 01
1.15050 60 -1,8326D 01
=1,26070-03 =1.9742D D1
-1.15050 00 -1.B390D 01
-1.83000 Q0 -1.60290 D]
<2.28500 DO -1.24790 oI
—2.861280 00 —1.0804D O1
-2.84410 00 -8,05380 OO
~2.99700 80 -5.22230 0D
=-3,0804D 00 —-2.2514D 09
~3.09530 00 9.4045D-D1
=2.03600 00 A4,.S51600 60
-2.8862D 00 8.8076£D 00
-Z.806390 00 1445620 ©L
~240B8230 0D 2.4072D0 €1
~7.06180-01 4.97760 01
2.84700 00 1.2120D0 02
S.3588D 00 1.7730D o2
T.62900 Q0 2.2551D0 D2
S«54100 00 Z.750%D D32
114310 Q1 3,18610 oz
1.35760 01 3.594A0 02
155220 01 4.15840 02
l«7104D 01 4,53720 02
1.868310 01 4.9519D0 02
2.07150 01 5.40600 02
2,27730 D1 S.90310 92

2,50210 Dl] Ge.84ATHD
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MON AUG D7y

H
0.0
=1.65045D0-04
=6 22360-04
=1 +35840-D2
=2:7436D-03
—2..55500-01
—5.53230-03
—8,4R880-03
~1-189060-02
=1.6622D-02
-2.42330-02
~3¢%6894D-02
~Ta1909D—-02
~l.03780-01
-1.2413D-01
=1l:2015D-01
=1+53660-01
—1.65270-01
=1+75320-01
=1.B84000-901
=1+.23830-01
~1.2771D0-01
~2.028L0-01
=-2.0663D-01
=-2.0507TD-01
=2.097TD-01
~Z.104560-01
—Z« 1290001
~Z«l6730-01
~2+21830~01
=2es28110-01
~2«35540-01
=2.4423D-01
—2«5427D-01
=2 .6588D0-01
“~2«TR40D-01
-~2,9542D0—-01
=3.15780-01
~3.4T580401
~3.82880-01
~3.95510-41
4 .03260-01
~4.08010-01
~4.1}420-01
-4%:14280-01
=4.16370-01
—4417580—01
=4 .1857D~-01
-4+ 19310-01
41977001
~4 1993 D-01

1978

H
3.£810-D3
J«541D-03
3+6810-D3
Je5310-02
3=6410—-D3
Ra5520-03
Ga2aa0-D2
$.244D-03
Ta732D0-02
Ls120D-¢2
l.687D-02
4.318D0=-02
4.0140-02
2.793D-02
2.,421D-02
2.2730-02
2.208D=-02
2. 198D-02
2.2200-02
2. 2960-02
2«3353D-0D2
2.6930-02
3.,07650-02
3+935D-D2
S5+9720-02
Sa9720-02
3938002
3.0760-02
22593002
2.8480-02
2 Z960=-02
2.220D-02
241900-02
24205002
2«273D-02
2«0210—02
2a 793D—-02
4.01a0-02
44318002
L«.687D-D2
lel200~02
7753003
6 24A0~-02
GeZ24aD-D2
42962003
3.641D=03
3.5410-02
3.,641D-03
3A.6410-03
J.6410—03

S
1.000
1.000
1.00D
1.000
1.36D0
1+ 260
1.000
1.240
1=440D
1«510
Z2.580

a0

F«30D-01
&.96D-01
2.67D-01
9.390~-01
Q. 700~-01
2.530-01

1.91D
1+030
1.Q7TD
1.100
lal4D
1.280
152D
100D

a0
oo

6,590~ 01
T.82D-01
Be750-01
9.090-01
Q«380-01
D +ETD-01
9.860-01

1+010D
1.03D
1.086D
1.15D
1+ 440
1.08D

3.,910~01
6uGAD—01
6.920~01
BE.050-01

1.000

[-1:]

T+950-01
7+ 33D-01

1..000
1.000
1.000
1.000

-1-]
1]
00
[-14]



DC ToORD CDPS

AEDC-TR-78-59

AROYOIAPY 19:29 MON AUG 07, 1978
EXAMPLE 7 ¥' = EXPLY}
4 = 19 LAMABDA = B8.92522409945520~01 KROEATLS9AIA9C25]
HD IM JCASE N NT JOUT LPRNT 1L NORM
250 t 51 19 20 L 1
[1 ToL RSC
0.0 Sa0000D~04  1.,0000D-32
A B c D
1.00000 00 0.0 d.0 D«
1.40000 OO0 0.0 0.0 0.9
UNTFORM SPACING COMPUTED
SLUTION GUESSED
UPDATE 1 26 s1 51 1.130-01 4,62D-01L 7.58D-02
NEW SPALCING COMPUTED
UPDATE a re 80 S1  4.620-43 1.54D-03 4,30D-03
VPDATE 3 26 S50 51 8.S40-08 2.94D-08 T.86D-08
CONVERGED SOLUTION
CHEXDE 28 2.33D-16 0,0 0.0 G.0
CHEX BM 50 27 40 0 2.,170-0F7 1.050-0&6 A4.730-0% 0.0

SOLUTION WRITTEN ON UNIT 20
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AEDC-TR-78-59

oC Tanb
EXAMPLE

5TQpP

-0 - O RPN S S

ol

COPS
T

X
Qa0

1.B833D-02
2.TT95D-02
5.5885D0~-02
T+&60990—-02
9.54838D-02
1.13880-01
1+35%45D0-01
1«52120-01
Le7390D-a1
l1.23770—Q1l
Zel374D—01
2.33800-01
2.53950-01
2.741T0~01
2.044600-01
3.14220-01
I+ 3524001
1,55720-01
I 76240~ 01
3«9680D-01
4,17400-01
4, 3803D0-71
4. 58670-31
4,759330-01
S.090D0-913
5.20670~-01
S5.41330-01
5.51970-01
SaB8260D-01
£.0329D-01
Ge23T6D-91
G.4428D=-01
B.E4TED-0l
6.85180=-31
7T«0554D~-01
T-258320-01
Fed5MSD-01
TEAZOD-01
T«BE2ED-0O]
B+06230-01
A.2610D0-01
A.4538D0~-01
B:FS5550-D1
B.85120-01
9.0457D~01
Ye"AY0D-01
Fea21 101
P.562200-01
5.B1170-01
1.00000 a0

b4

0.0
—B45347D-03
=1.6812D-02
=2«.4T7700—-02
- 3.23190-02
—3.9755D-D2
—3.67T8O=-02
=-5.345660-02
=5 .9824D0-02
—6,58670=-02
~T21540D-02
=7.569110-02
=8.19130-02
~B.565620-02
=-9.0B8570-02
=D ea27910-02
—9.82620-02
—1.01570~01
=-1.0440D-01
=1 +06860-01
-1.0995D-01
—1.10660-01
-le11990-01
=L 12940-01
-1.1351D=-01
-1:13700-01
-1.1351D-01
—1.12%4D-01
~1211990-91
=1.10660-01
-1.0855D-01
=1<REBLD-0Q]
=1a03400=-01
-1.0157D-01
~9+836020-02
=9.47910~02
- 9. 085%0~-02
~R.,65530~-02
=-8,19130-02
—T+69110-02
= T+15600=-02
—6H.58670-02
=-5.9B350-02
-S.3a680-02
-8 .&T7aD-02
=2a57550=-02
~3.24190~02
—Z2+4770D-0Q2
—1.681230-02
=H8.%547D—-03

00

ARC303 B4 19:29
Y11 o= EXPIY)

e )
-3.63630-01 1,00000 00
-4,84880-01 9.91480-01
~4.26160-01 9,83330-01
-4.0746D=01 9.75530-0]
—3.88790~01 9,5668100-01
~3.70130-01 9.5102D-01
-2.51510-01 9.54300-01
-3.32910-01 94794001
-2.14320-01 $.41920-01
~Z2.9575D0-01 9.3626D-11
—2.77190-01 §.320940-01
-2.5E8850-01 9.25970-01
-2.4012D0-01 9.2135D-01
—2.21510-01 9.17080-01
-2.03100-01 9.1315D-01
-128461D-01 9.09560-01
-1.66120-01 9.06320-01
—1.47650-01 9.03420-01
-1.2%18D-¢1  9.00870-01
-1.1071D0~01 8.9B8650-01
-9.32520-02 5.96578D-D1
-7.,37970-02 8,95250-01
-5.53450-02 8.9405D-01
~3,68950-02 8.93200-01
—1.83470-02 B.9269D—01

—1.9327D-08
1«B8247D—02
J.68%50-02
S.5345D-02
7+3797D-02
F.22520=-02
1.197tD-01
1,25180-01
1.47550-01
l.€6120-01
1484561D=-01
2+07100-01
2+421610-N1
2280 20-01
2. 585%50-01
2« TT190-01
2« GETSN—01
2.1432206=-01
2.3291D=-01
31.5151D0-01
2. 7T014D-01
3.88790-01
4. 0T460—-01
4.26160-01
4.44880-0]1
4,.63630-01

R.9252D-01
2. 9269001
8.9320D-01
B8.94 05001
8.,9525D =01
8,9F TBD~01
A.98650-01
9. 00B70-01
P.03420-01
2.16320-01
s 0G56D-01
Sa13150-01
G« L THBC-01
9421350-01
9. 2557D-N1
S.30940-91
P 36260-01
9.4192D=-01
S.4794D-01
9.54300~-01
©.£1020-01
9.6817D0-01
G. 754530-D1
G B3230-01
9.591400-n1
1.00000 DO
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MON AUG 0T,

1

%]

-8.,11080-0%5
=3,2219D-04
~T+1766D0-04
=l 2696003
-1.92679D-013
=2.81010-03
=3.79120403
—4 .90520-03
=5+14990-03
=T«5t52D-03
~8.999640-03
=1.05930-02
=1.22900-02
=1.4085D-02
=1.59690-02
—1. 72360902
=1.99768D—02
-2.20870-02
—2.43560—-02
—2.64T750-02
=Z.8738D-02
=3+.1034D=-02
~3.32357D-02
=3.5697T0-02
=3.8086D-02
-4 +0394D-02
=4 42734002
-4 ,505TD-02
=4,T3540-02
—4 .96 6002
=5.18350-02
=-5.40080=-02
=5.61130-02
=53.8155D0—-02
-5 .01220-02
~6.20060-02
—.3801D-02
=6453858D-02
& «70R20-02
-6« BSTE0-02
=6+90a10-02
=7.l1l850-02
=T. 2370002
—T«32810-02
~T=41220=-D2
=7T.83822D-02
—T«53T2D-02
=7 .57690C-02
=T+&D10D-02
~7«50910=02

1974

H
L-8830-02
L.8960~02
1.2090-02
1e9210-02
1.9230-02
1 .9450=-02
1.9360-02
L«26TD—02
1.9780-02
1.988D-02
1.997D-02
2.0060-02
2.0120-02
2.0220-02
2.0290D-D2
2.0360-02
2+0420-02
2.047D-02
2.Q520-02
22 D560-02
2. 0600-02
2.0830-02
2065002
2.066D-02
2.0620-D2
2.06720-02
2u0E60=02
2.065D-D2
2.083D-02
2.0600-02
2.0560-02
20052002
2+0470-02
2.0a20-02
2.0260-02
2.029D-02
2.022D=-02
2.0140-82
2.00&6D-02
1,9970-02
l.9880-02
1-9730-02
1.967D-n2
1956002
1a9350~-02
1.933D-02
1.9210=-D2
1+2090-02
1 .6%460-02
1+8830~02

S
1.010
L1010
1.010
1.010
1.01D
1.01D
1.01D
1.010
1.01D
1.000
1=00D
1-00D
1.000
1.00D
1,000
1.000
1.000
1.00D
1.00D
1.000
1.000
l.000
1000
L+00D
1.00D
1.000

F2TD-0 1L

9.99D-

01

F.99D-01
9.930-01
S.980-01
S.980-01
S«97D~01
2.97D~01
S«97D-01
9.96D-01
9.950=-01
$+96D- 81
9.960-01
9.95D-01
9 2950~-01
9.G950-01
9.940-01
Q.9a0-01
9+940-01
9.949D-01t
9+930~01
F930-01
9.930-01



a1,

433

Ajj,i=1and N,
j=land N

f(x! YB y” l)

i

Ji(a,b)

K(a,b)

AEDC-TR-78-59%

NOMENCLATURE
Eq. (104)
Eq. (105)

Eqs. (B-26) thru (B-29)

End conditions parameters, Eq. (24}

System coefficients, Eqs. (111} thru (133)
Differentiation operator, Eq. (40)

Eq. (110)

Eq. (B-4)

Operator, Eq. (38)

Eg. (B-5)

Eq. (134)

Integral of quintic spline at x;, Eqs. (95) and (26)
Eq. (B-1)

Length of the ith interval, Eq. (1)
Integral of y(x), Eq. (93)

Value of I at x;

Integral of the cubic spline, Eq. (27)
Integral of the quintic spline, Eq. (89)

Parameter in example problems, Egs. (146), (152), (159), and
{169)

Second derivative of the cubic spline it x;, Eq. (8)
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AEDC-TR-78-59

=!

¥

YA, ¥Ba

Yai: Yb1s Ye1r Ydu
¥;

z{x)

Z;

a(x), f(x), Mx), e(x)

8,

Eq. (B-3)

First derivative of the cubic spline at x;, Eq. (7)

Eq. (B-2)

First derivative of the quintic spline at x;, Eqs. (74) and (65)
Second derivative of the quintic spline at x,, Egs. (75) and (59)
Number of points

Cubic spline polynomial in the ith interval, Egs. (5} and (11)

Eq. (98)

Quintic spline polynomial in the ith interval, Eqgs. (73) and (86)
Eq. (109)

Cubic spline, Eq. (5)
Eq. (108)
Independent variable
Given abscissas
Dependent varaible
Used in definition of p;(x), Egs. (9) and (10)

Used in the definition of q,(x), Egs. (82) thru (8§5)
Given ordinates or else v(x,)

Quintic spline, Eq. (73)

z(x;)

Coefficients of linear or linearized differential equation, Eqgs. {(92)
and (136) thru (139)

Parameter used in definition of m;, Eq. {66)
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il
i
0;
X
Ni,i=1land N

Jj

Parameter used in definition of Tij;, Eq. {60}
Eq. (3)

Eq. (4)

Egs. (153) and (177)

Lagrange multipliers, Eq. (B-5)

Eq. (2)
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